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PROOF FOR THE HALF-MULTIPLIER OPERATOR

PROOF OF [A]T o [B]= diagonal(s)[A]T[B]

I must do this proof first, since I will need it to prove the rest of the math to follow.


Suppose we have the matrices:




A11 
      B11. . . B1K. . . B1M. . . B1,M+1


 .
      .
      .

.
.


[A]T = 
A1J 
[B]=  BJ1. . . BJK. . . BJM.. . .BJ,M+1


 .
      .
      .

.
.



A1N 
      BN1. . . BNK. . . BNM. . . BN,M+1



 .
      .
      .

.
.



A1,N+1 
      BN+1,1. . BN+1,K . .BN+1,M . .BN+1,M+1
Changing the pre-multiplier into a diagonal matrix and multiplying:



A11. .  . 0. .  .  0. .  .0
 
  B11. . . B1K. . . B1M. . . B1,M+1
.  . . . ..  . . .  .  . . .  

  .
   .
   .
    .

.  . . . ..  . . .  .  . . .  

  .
   .
   .
    .

0. . .   A1J. . .  0. . . 0
  
  BJ1. . . BJK. . . BJM.. . .BJ,M+1 

.  . . . ..  . . .  .  . . .  

  .
   .
   .
    .

.  . . . ..  . . .  .  . . .  

  .
   .
   .
    .

0. .  .  0. .  .  A1M. . .0
  
  BN1. . . BNK. . . BNM. . . BN,M+1
.  . . . ..  . . .  .  . . .  

  .
   .
   .
    .

.  . . . ..  . . .  .  . . .  

  .
   .
   .
    .

0. .  .  0.  .    0.  . A1,M+1
 
  BN+1,1. . BN+1,K . .BN+1,M . .BN+1,M+1 


We get the solution:



A11B11 . . .+. A11B1K .+. . .A11B1M .+. . . .A11B1,M+1

.
      .
           .
          .


.
      .
           .
          .


A1JBJ1 . . .+. A1JBJK .+. . .A1JBJM .+. . . .A1JBJ,M+1 


.
      .
           .
          .


.
      .
           .
          .



A1MBN1 . . .+. A1MBNK .+. . .A1MBNM .+. . . .A1MBN,M+1 


.
      .
           .
          .


.
      .
           .
          .



A1,M+1BN+1,1 .+. A1,M+1BN+1,K .+. A1,M+1BN+1,M .+. A1,M+1BN+1,M+1)

This proof is in thousands of textbooks from High school to college to PhD so I won’t prove it here.

Taking the pre-multiplier and multiplying each element across it’s corresponding row we get:



A11
 B11. . . B1K. . . B1M
.
 .
   .
   .

.  o .
   .
   .

A1J 
BJ1. . . BJK. . . BJM 

.
 .
   .
   . =

A1M
 BN1. . . BNK. . . BNM.


A11(B11   . . .B1K   . . .B1M)  


A11B11 .+. A11B1K .+. A11B1M 
.
.    .
       . 
  

.
    .
      .
       

.
.    .
       . 
  

.
    .
      .
       

A1J(BJ1   . . .BJK   . . .BJM)

=
A1JBJ1 .+. A1JBJK .+. A1JBJM 
.
.    .
       . 
  

.
    .
      .
       

. 
.    .
       . 
  

.
    .
      .
       


A1M(BN1   . . .BNK . . . BNM)


A1MBN1 .+. A1MBNK .+. A1MBNM
This is for all mxn Matrices, now to prove it works for all matrices m+1, n+1 :



A11
 B11. . . B1K. . . B1M. . . B1,M+1
.
 .
   .
   .
    .

.
 .
   .
   .
    .

A1J
 BJ1. . . BJK. . . BJM.. . .BJ,M+1 

.     o
 .
   .
   .
    .
   =

.
 .
   .
   .
    .

A1M
 BN1. . . BNK. . . BNM. . . BN,M+1
.
 .
   .
   .
    .

.
 .
   .
   .
    .

A1,M+1
 BN+1,1. . BN+1,K . .BN+1,M . .BN+1,M+1 


A11(B11   . . .B1K   . . .B1M   . . . B1,M+1 )  
A11B11 .+. A11B1K .+. A11B1M .+. A11B1,M+1
.
.    .
       . 
  .

.
    .
      .
       .

.
.    .
       . 
  .

.
    .
      .
       .

A1J(BJ1   . . .BJK   . . .BJM. . . . BJ,M+1)

A1JBJ1 .+. A1JBJK .+. A1JBJM .+. A1JBJ,M+1 

.
.    .
       . 
  .

.
    .
      .
       .

. 
.    .
       . 
  .
   =
.
    .
      .
       .


A1M(BN1   . . .BNK . . . BNM   . . . BN,M+1)

A1MBN1 .+. A1MBNK .+. A1MBNM .+. A1MBN,M+1 

.
.    .
       . 
  .

.
    .
      .
       .

. 
.    .
       . 
  .

.
    .
      .
       .


A1,M+1(BN+1,1. . .BN+1,K. . .BN+1,M. . . BN+1,M+1)
A1,M+1BN+1,1 .+. A1,M+1BN+1,K .+. A1,M+1BN+1,M .+. A1,M+1BN+1,M+1)

QED
PROOF #1:  Regular matrix multiplication:  [A]ij[B]jk = [C]ik .


[A]Tij o [B]jk = Cjk 


First I will do a micro-proof for simplicity, then a regular proof.



A11 A21 A31
B11 B12 B13 


A12 A22 A32  o
B21 B22 B23 
=


A13 A23 A33
B31 B32 B33 


A14 A24 A34 
B41 B42 B43 


Separating each column in the [A]T matrix into a column matrix, we cross multiply:



A11 
B11 B12 B13 
A21 
B11 B12 B13 
A31 
B11 B12 B13

A12  o
B21 B22 B23
A22  o
B21 B22 B23 
A32  o
B21 B22 B23

A13 
B31 B32 B33 
A23 
B31 B32 B33 
A33 
B31 B32 B33

A14 
B41 B42 B43 
A24 
B41 B42 B43 
A34 
B41 B42 B43

We take the first column in [A]T and multiply it straight across the [B]jk matrix.  This operation is equivalent to diagonalizing the first column of [A]ij and multiplying across [B].  i.e.
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This is equal to:
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But this is a nested array, and I will show later that when we transpose a 

nested array, only the matrices are transposed and not their elements.  Since in Half-Multiplying we originally transposed the spreadsheet Matrix, we must now re-transpose the nested array back in it’s un-transposed state.  Transposing the nested array also rids us of the three inner matrix brackets and makes the array into a regular array of dimensions 12x3. (of course, I have not proved this yet).  i.e.
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Now we will sum the columns for each individual matrix: ( we must remember that we are working with nested arrays, but computers are not programmed to handle these yet, so we must set up the pre-multiplier so that it operates on the individual sub-matrices)
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The answer to this is quite long on mathcad, but since we are working with nested arrays, we may also look at the multiplication in this manner:
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But this is equal to:
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micro-QED

THE ROW PRODUCT OF A MATRIX

OR

THE CROSS PRODUCT OF A MATRIX


When we took the half-multiplied sub-matrices and summed the columns, the solution was the same as matrix multiplication.  Let’s look at what happens if we take the half-multiplied sub-matrices and sum their rows instead of their columns.

R([A]Tij o [B]JK = ([B]JK[1]k1) o [A]TiJ


A11 A21 A31
B11 B12 B13 


A12 A22 A32  o
B21 B22 B23 
=


A13 A23 A33
B31 B32 B33 


A14 A24 A34 
B41 B42 B43 



A11 
B11 B12 B13 
A21 
B11 B12 B13 
A31 
B11 B12 B13

A12  o
B21 B22 B23
A22  o
B21 B22 B23 
A32  o
B21 B22 B23

A13 
B31 B32 B33 
A23 
B31 B32 B33 
A33 
B31 B32 B33

A14 
B41 B42 B43 
A24 
B41 B42 B43 
A34 
B41 B42 B43
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This is equal to:
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Here we are back to a nested array.  We do not need to transpose this array, since after the row sums are done, the matrix is already in the form that is needed for the proper solution.  I think that this the cross product of a matrix, (which is up until now undefined) and wait for better mathematicians than I to confirm or deny this hypothesis.

Let’s go ahead and sum the columns and see what we get.



A11(B11+B12+B13)
A21(B11+B12+B13)
A31(B11+B12+B13)


A12(B21+B22+B23)
A22(B21+B22+B23)
A32(B21+B22+B23)
=


A13(B31+B32+B33)
A23(B31+B32+B33)
A33(B31+B32+B33)


A14(B41+B42+B43)
A24(B41+B42+B43)
A34(B41+B42+B43)


A11(B1
A21(B1
A31(B1

A12(B2
A22(B2
A32(B2 


A13(B3
A23(B3
A33(B3

A14(B4
A24(B4
A34(B4 


But this is equal to:


(B1 
A11
A21
A31
(B2  o
A12
A22
A32
(B3 
A13
A23
A33
(B4 
A14
A24
A34
So this is equivalent to the Itempage matrix in the inventory/accounting system.  The neat thing about this operator is that it has it’s counterparts in regular mathematics.  That is, the above expression can be calculated by the matric equation:

([B]JK[1]k1) o [A]TiJ 





B11
B12
B13 
1
A11
A21
A31

B21
B22
B23 
1   o
A12
A22
A32
= 


B31
B32
B33 
1
A13
A23
A33

B41
B42
B43 
1
A14
A24
A34
THE MATRIC PRODUCT OF A MATRIX:
M([A]TiJ o [B]JK = ([A]TiJ[1]J1) o [B]JK


A11 A21 A31
B11 B12 B13 


A12 A22 A32  o
B21 B22 B23 
=


A13 A23 A33
B31 B32 B33 


A14 A24 A34 
B41 B42 B43 



A11 
B11 B12 B13 
A21 
B11 B12 B13 
A31 
B11 B12 B13

A12  o
B21 B22 B23
A22  o
B21 B22 B23 
A32  o
B21 B22 B23

A13 
B31 B32 B33 
A23 
B31 B32 B33 
A33 
B31 B32 B33

A14 
B41 B42 B43 
A24 
B41 B42 B43 
A34 
B41 B42 B43
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This is equal to:
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Here we are back to a nested array.  We do not need to transpose this array, since after the row sums are done, the matrix is already in the form that is needed for the proper solution.  To conserve on space, I am going to omit the first step here and just go ahead and collect terms, the complex stuff will be gotten to later.

Let’s go ahead and sum the matrices and see what we get:



B11(A11+A21+A31)
B12(A11+A21+A31)
B13(A11+A21+A31)


B21(A12+A22+A32)
B22(A12+A22+A32)
B23(A12+A22+A32)
= M([A]T o [B]=


B31(A13+A23+A33)
B32(A13+A23+A33)
B33(A13+A23+A33)


B41(A14+A24+A34)
B42(A14+A24+A34)
B43(A14+A24+A34)


B11(A1
B12(A1
B13(A1

B21(A2
B22(A2
B23(A2 


B31(A3
B32(A3
B33(A3

B41(A4
B42(A4
B43(A4 


But this is equal to:


(A1 
B11
B21
B31
(A2  o
B12
B22
B32
(A3 
B13
B23
B33
(A4 
B14
B24
B34
So this is equivalent to the Accountpage matrix in the inventory/accounting system.  The neat thing about this operator is that it also has it’s counterparts in regular mathematics.  That is, the above expression can be calculated by the matric equation:

diag([A]TiJ[1]J1)[B]JK 


This is also an important property.  It says that if you transpose [A] and sum the rows of [A] and o multiply across [B], the solution is the same as if we took the half-multiplied matrices and added them all together. [A] is now commutative with [B].  


For an open system, suppose: 


 (A11+A21+A31)= 1



 (A12+A22+A32)= 1 ,  Then M([A]TiJ o [B]JK= [I]JJ o [B]JK = [B]JK

 (A13+A23+A33)= 1



 (A14+A24+A34)= 1


THE TRANSPOSE COMMUTIVITY OF THE HALF-MULTIPLIER OPERATOR


The proofs are long and confusing.  I’m not even sure what I’m proving since we have no solutions in mathematics to compare them too, so I just tried to prove that the whole matrix is a sum of it’s sub-matrices.  In view of this, I think I’ll just do a micro-proof here.  If the professional mathematicians holler, they can substitute I, J, N and M for matrix [A] and J, K, M and N for matrix [B], or they can prove it for themselves.







  (
([A]TiJ o [B]JK  =


B11 B12 B13
A11 A21 A31

B21 B22 B23   o
A12 A22 A32
=


B31 B32 B33
A13 A23 A33

B41 B42 B43
A14 A24 A34



B11A11 B11A21 B11A31   B12A11 B12A21 B12A31   B13A11 B13A21 B13A31 


B21A12 B21A22 B21A32   B22A12 B22A22 B22A32   B23A12 B23A22 B23A32 


B31A13 B31A23 B31A33   B32A13 B32A23 B32A33   B33A13 B33A23 B33A33 


B41A14 B41A24 B41A34   B42A14 B42A24 B42A34   B43A14 B43A24 B43A34

Now we will transpose the nested array to put the array into a form we can mathematically use.  Unlike the proof for the Half-multiplier Operator at the beginning of this section, when I transpose this time, we will have a single stacked matrix to contend with.  We will sum using a database matrix.  i.e.  (I have separated the 3 sub-matrices just to make it easier to see what I’m doing, we do not need to do it when we are programming this on a computer.  The [DB] matrix takes care of this).


1 1 1 1 0 0 0 0 0 0 0 0
B11A11 B11A21 B11A31
0 0 0 0 1 1 1 1 0 0 0 0
B21A12 B21A22 B21A32
0 0 0 0 0 0 0 0 1 1 1 1
B31A13 B31A23 B31A33




B41A14 B41A24 B41A34




B12A11 B12A21 B12A31




B22A12 B22A22 B22A32   =





B32A13 B32A23 B32A33




B42A14 B42A24 B42A34




B13A11 B13A21 B13A31




B23A12 B23A22 B23A32




B33A13 B33A23 B33A33




B43A14 B43A24 B43A34


B11A11+B21A12+B31A13+B41A14   B11A21+B21A22+B31A23+B41A24   B11A31+B21A32+B31A33+B41A34

B12A11+B22A12+B32A13+B42A14   B12A21+B22A22+B32A23+B42A24   B12A31+B22A32+B32A33+B42A34

B13A11+B23A12+B33A13+B43A14   B13A21+B23A22+B33A23+B43A24   B13A31+B23A32+B33A33+B43A34

There is no need to re-transpose back into the nested array because this is the final form we want.  When we re-transpose, we can take two steps of action.  The outer brackets can be discarded and we are left with the sub-matrices as a solution or as working operators.  Or, we may leave it in the matrix-matrix form, manipulate the inner brackets to choose the size (columns only) of the solution matrices, then remove the outer bracket for the engineered solution. Let’s multiply [A]x[B] in the normal way:
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Which is the transpose of the value computed above. It is also equal to [B]T[A]T  i.e.
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micro-QED
ONTO MULTIPLICATION


Let’s now check on a micro-proof concerning onto multiplication of matrices (element by corresponding element, rather than the sum of row x column).  This is illegal according to modern mathematics. I claim 3 x 2 is always equal to 6, no matter how you multiply the two numbers together.  This is part of the connection between our numbers we are familiar with and matrices.  Whatever we can do with single numbers, we can do thousands of times in one operation with matrices.  I wish a professional mathematician would prove to me that 3 x 2 ( 6 when done in the following manner.  Let’s take two general matrices:
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and multiply them such that we get JxA, MxD, PxG, etc.  We first need to take the logs of the two matrices, add them to multiply the numbers, and take the anti-log to return the numbers in familiar form:
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(here we take the anti-log 10x .  We must do this by hand, MathCad can’t take the anti-log of a symbolic.)
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Or putting in numbers:
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Suppose one or more of the elements in M1 and M2 are zero's?  We proceed as follows, letting zero, by default, equal 10EEX-100: 
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MathCad cannot remove a diagonal from a matrix, it can take a column matrix and make a diagonal, but not vice versa. In many applications, especially since the half-multiplier’s matrix equivalent is multiplication by a diagonal matrix, we need to be able to remove the diagonal from a matrix and make a separate matrix out of it.  The following is how I do it with MathCad.  The HP-48G will remove the diagonal from a matrix as a column matrix and allows us to re-make it into a diagonal matrix.

MATHCAD +6:


Suppose we have a matrix and we wish to square every element in the matrix and add them to get the grand sum of squares.  We take the matrix, transpose it and multiply it by itself.  i.e. [A]2 = [A]T[A].  The sum of the squares in each column lie in the diagonal.  We need to separate the diagonal from the rest of the matrix, and then add the elements together to get a single sum.  We proceed as follows:
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CHECK:
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We need to remove the diagonal, MathCad will not do this for us.  This is the best way:  Write a template  4x4 identity matrix, but write it as the log (this helps take care of the problem of the log of zero).  Take the log of ASQ, add the two and take the anti-log.  This will return the diagonal of ASQ.

[image: image55.wmf]LOGASQ

log

(

)

ASQ


Here I take the log of each individual element in [A]2 .
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This is the log of the [I]4,4 matrix.
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Here I take the anti-log of each element to obtain the final solution.
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Now we need to sum the values.  Define:









HP-48G PROGRAM:     MATRIX, ENTER VALUES, ((,(A STO (this stores the matrix in A)
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(
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(
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x
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MUST ENTER ONE4 AS A COLUMN MATRIX FIRST, THEN TRANSPOSE TO GET ROW MATRIX, OR 
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x
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(
x
1496


We can also accomplish the same thing by multiplying element by element then compute the grand sum of the matrix.
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I should have done the math this way with statistics, bur did not really see how simple it was until now (8-12-97).  But the way I did it with statistics follows the more acceptable rules of math.  Feel free to find the grand sum of squares in this manner rather than the ways I solved them later in this book if you so wish.


Also, when we transpose a nested array, we may put it in the form of a diagonal matrix

instead of a column or row matrix.  I’ll not get into that here, but will field some examples in 

quantum chemistry, Gaussian reduction and statistics.


Below are some simple computations of Nested arrays from a request from Dr. Monroy in Juarez, Mexico.

Dear Dr. Monroy:

These are some of the properties of nested arrays as apply to the operator, since your problem uses square matrices I used examples as square matrices although they may be MxN just as easily.  Hope they might be of help to you.  The three arrays are defined as C, D and E and their nested form is defined as A.  Imagine they are stacked on top of each other (like crackers) in 3-D but the only way to display them is in 2-D form.  MathCad cannot perform computations on nested arrays, so in order to utilize them we ignore the brackets and just remember that they are there.
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First we combine the separate arrays into one single array A.  They are still nested, but since computers can’t handle the math we must “remember” that there are brackets around them and work on them from this premise.  This is the premise behind the mathematics in the section on Statistics later on in this book.
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TO ADD EACH THREE MATRICES SEPARATELY:
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LET'S ADD MATRIX 1 + MATRIX THREE AND IGNORE MATRIX 2:
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TO ONTO MULTIPLY EACH SEPARATE MATRIX BY ANOTHER:

[image: image76.wmf]F1

augment

(

)

,

E

D


[image: image77.wmf]F

augment

(

)

,

F1

C


[image: image78.wmf]=

F

19

22

25

20

23

26

21

24

27

10

13

16

11

14

17

12

15

18

1

4

7

2

5

8

3

6

9


[image: image79.wmf]=

(

)

.

A

F

19

88

175

40

115

208

63

144

243

100

169

256

121

196

289

144

225

324

19

88

175

40

115

208

63

144

243


TO MULTIPLY THE THREE MATRICES THE REGULAR WAY:
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CHECK:
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TO HALF MULTIPLY THE THREE MATRICES AND GET ALL THE SUB-MATRICES:

      [image: image86.wmf]I

1

0

0

0

4

0

0

0

7

        [image: image87.wmf]J

2

0

0

0

5

0

0

0

8

      [image: image88.wmf]K

3

0

0

0

6

0

0

0

9


[image: image89.wmf]L

10

0

0

0

13

0

0

0

16

[image: image90.wmf]M

11

0

0

0

14

0

0

0

15

[image: image91.wmf]N

12

0

0

0

15

0

0

0

16


[image: image92.wmf]O

19

0

0

0

22

0

0

0

25

[image: image93.wmf]P

20

0

0

0

23

0

0

0

26

[image: image94.wmf]Q

21

0

0

0

24

0

0

0

27


     [image: image95.wmf]=

.

I

C

1

16

49

2

20

56

3

24

63

     [image: image96.wmf]=

.

J

D

20

65

128

22

70

136

24

75

144

[image: image97.wmf]=

.

K

E

57

132

225

60

138

234

63

144

243


[image: image98.wmf]=

.

L

C

10

52

112

20

65

128

30

78

144

[image: image99.wmf]=

.

M

D

110

182

240

121

196

255

132

210

270

[image: image100.wmf]=

.

N

E

228

330

400

240

345

416

252

360

432


[image: image101.wmf]=

.

O

C

19

88

175

38

110

200

57

132

225

[image: image102.wmf]=

.

P

D

200

299

416

220

322

442

240

345

468

[image: image103.wmf]=

.

Q

E

399

528

675

420

552

702

441

576

729


[image: image104.wmf]H

1

0

0

10

0

0

19

0

0

0

4

0

0

13

0

0

22

0

0

0

7

0

0

16

0

0

25

2

0

0

11

0

0

20

0

0

0

5

0

0

14

0

0

23

0

0

0

8

0

0

17

0

0

26

3

0

0

12

0

0

21

0

0

0

6

0

0

15

0

0

24

0

0

0

9

0

0

18

0

0

27

        [image: image105.wmf]G

1

4

7

0

0

0

0

0

0

2

5

8

0

0

0

0

0

0

3

6

9

0

0

0

0

0

0

0

0

0

10

13

16

0

0

0

0

0

0

11

14

17

0

0

0

0

0

0

12

15

18

0

0

0

0

0

0

0

0

0

19

22

25

0

0

0

0

0

0

20

23

26

0

0

0

0

0

0

21

24

27

  
[image: image106.wmf]=

.

H

G

1

16

49

10

52

112

19

88

175

2

20

56

20

65

128

38

110

200

3

24

63

30

78

144

57

132

225

20

65

128

110

182

272

200

299

416

22

70

136

121

196

289

220

322

442

24

75

144

132

210

306

240

345

468

57

132

225

228

330

450

399

528

675

60

138

234

240

345

468

420

552

702

63

144

243

252

360

486

441

576

729


Suppose the matrices in the nested array are not all the same dimensions, this is how we can multiply them and halfmultiply them.
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We make the nested array.  Remember, MathCad cannot compute with nested arrays, so we just remove the brackets and “remember” that they are there.  To make the nested array conformable, we must add zero’s where necessary to complete the array and legalize it mathematically.
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Or diagonalizing L we get:
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L=12,4    M=12,12

WE CAN MULTIPLY THIS IN A CONDENSED MANNER ONLY ONE WAY, BECAUSE KTxK WOULD EQUAL A 5x5 MATRIX, WHICH IS OUT OF BOUNDS (INDICES DON'T CONFORM).
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BUT WE CAN MULTIPLY BOTH WAYS BY COMPUTING WITH THE DIAGONALIZED NESTED ARRAYS IN THIS MANNER:
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Which gives us the product multiplying both ways.

Now let’s half multiply the nested array.  Remember, computers cannot o multiply yet, this is a new discovery, so we must multiply by it’s equivalent diagonal matrix operator to get the solution.
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This multiplication gives us the transpose of the half-multiplication.  Note the nested arrays are separated better than in the other multiplication.
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CHECK:
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The solutions check.
MATRIX SOLUTION FOR GAUSSIAN REDUCTION


In this section, I will show how I discovered this operator.  Mathematicians already know about this method, but I do not think anyone has ever derived it from a mathematical basis.  Suppose we wish to reduce the following matrix:




a11 a12 a13 . . . a1n 



a21 a22 a23 . . . a2n 


Aij = 
a31 a32 a33 . . . a3n 

 .   .   .  .  .  .    . 

 .   .   .  .  .  .    . 

an1 an2 an3 . . . ann

Now normally to perform the Gaussian Reduction, we write out the top row, then multiply the first row of the matrix by the element in another row that we are trying to reduce to zero.  We multiply this second row by the first element and subtract so that the number in the row below row one equals zero under the diagonal.  Instead of multiplying and subtracting by hand, one day I put zero’s in the places I wasn’t interested in and formed a column matrix from them.  After playing around with the idea for awhile, this is what I came up with:



 1
a11 a12 a13 . . . a1n 
 a21   a11 a12 a13 . . . a1n

 0
a21 a22 a23 . . . a2n
-a11   a21 a22 a23 . . . a2n

 0 
a31 a32 a33 . . . a3n +
 0     a31 a32 a33 . . . a3n   + . . . +

 
 .
 .   .   .  .  .  .    . 
 .  .    .   .  .  .  .    .  

 
 .
 .   .   .  .  .  .    . 
 .  .    .   .  .  .  .    .  


 0
an1 an2 an3 . . . ann 
 0     an1 an2 an3 . . . ann



 ai1
a11 a12 a13 . . . a1n 

 an1   a11 a12 a13 . . . a1n

 
 0
a21 a22 a23 . . . a2n

 0     a21 a22 a23 . . . a2n

 
 0   o   .   .   .  .  .  .    .  +. . . +
 0   o a31 a32 a33 . . . a3n   

 
 
-a11
ai1 ai2 ai3 . . . ain
 
 .    .  .  .  .  .  .   .  .   .
 
 
 . 
 .   .   .  .  .  .    . 
 
 .       .  .  .  .  .   .  .   .

 
 0
an1 an2 an3 . . . ann 

-a11   an1 an2 an3 . . . ann
Cross multiplying the matrices and adding we get:



    a11

a12
    a13

      a1n

a21a11-a11a21 a21a12-a11a22 a21a13-a11a23 . . . a21a1n-a11a2n

a31a11-a11a31 a31a12-a11a32 a31a13-a11a33 . . . a31a1n-a11a3n 


 .     .    .     .     .     .  . . .   .    .   


 .     .    .     .     .     .  . . .   .    .


ai1a11-a11ai1 ai1a12-a11ai2 ai1a13-a11ai3 . . . ai1a1n-a11ain 


 .     .    .     .     .     .  . . .   .    .


an1a11-a11an1 an1a12-a11an2 an1a13-a11an3 . . . an1a1n-a11ann 


But all the terms under a11 are equal to zero.  To help keep things simple, I’m going to define b11 = a21a12-a11a22; b12 = a21a13-a11a23; bin = ai1a1n-a11ain; bnn = an1a1n-a11ann; etc.

But first, I’m going to collect all the pre-multipliers of [A]nn and form them into a matrix in the order I multiplied them.:

[image: image138.wmf]1

0

0

0

.

0

.

0

a

21

a11

0

0

.

0

.

0

a

31

0

a

11

0

.

0

.

0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

a

11

0

0

.

a

11

0

.

0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

a

,

n

1

1

0

0

0

.

.

a

11

0

a

n1

0

0

0

.

0

0

a

11


And re-writing the new Matrix we get:
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Now we will get all the terms under b11 to equal zero:  Note we are multiplying the same as in Gaussian Reduction except we multiply by zeros in those terms in which we are not currently interested.

1
a11 a12    a13 . . . a1n 

 0
a11 a12    a13 . . . a1n

0
0   b11    b12 . . . b1n-1 

 1 
0   b11    b12 . . . b1n-1 



0 
0   b21    b22 . . . b2n-1 

 0 
0   b21    b22 . . . b2n-1
.   o
.   .   .  .   .  .  .    . 
   +
 0   o
.   .   .  .   .  .  .    .    +

0
0   bi1    bi2 . . . bin-1 

 .
0   bi1    bi2 . . . bin-1
.
.   .   .  .   .  .  .    .

 .
.   .   .  .   .  .  .    .
0
0   bn-1,1 bn-1,2 . . bnn-1

 0
0   bn-1,1 bn-1,2 . . bnn-1


 0
a11 a12    a13 . . . a1n 

 0
a11 a12    a13 . . . a1n

 b21
0   b11    b12 . . . b1n-1 

 bi1 
0   b11    b12 . . . b1n-1 



-b11
0   b21    b22 . . . b2n-1 

 0 
0   b21    b22 . . . b2n-1
  + . . . +
 
 0   o
.   .   .  .   .  .  .    .    +
 .   o
0   .   .  .   .  .  .    .
 0
0   bi1    bi2 . . . bin-1 

-b11
0   bi1    bi2 . . . bin-1
 .
.   .   .  .   .  .  .    .

 .
.   .   .  .   .  .  .    .
 0
0   bn-1,1 bn-1,2 . . bnn-1

 0
0   bn-1,1 bn-1,2 . . bnn-1


 0
a11 a12    a13 . . . a1n 


 bn-1
0   b11    b12 . . . b1n-1 


 0 
0   b21    b22 . . . b2n-1 

 0   o
.   .   .  .   .  .  .    . 
  =

 .
0   bi1    bi2 . . . bin-1 

 .
.   .   .  .   .  .  .    .

-b11
0   bn-1,1 bn-1,2 . . bnn-1


    a11

a12
    a13

      a1n

    0

b11
    b12

      b1,n-1

    0
    b21b11-b11b21 b21b12-b11b22 . . .b21b1n-1-b11b2,n-1    .


 .     .    .     .     .     .  . . .   .    .   


 .     .    .     .     .     .  . . .   .    .
  


    0 
    bi1b11-b11bi1 bi1b12-b11bi2 . . .bi1b1i-b11bi,n-1

 .     .    .     .     .     .  . . .   .    .


    0
bn-1,1b11-b11bn-1,1 bn-1,1b12-b11bn-1,2  bn-1,1b11-b11bn-1,n-1 


And, again putting all the pre-multiplier column matrices into a single square matrix, and noting all the elements below b11 are equal to zero, we let c11 = b21b12-b11b22, etc., we get:


pre-multiplier for b
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Note the inner Matrix is getting smaller by one row and column with each successive operation.  The new c sub-matrix is 2 rows and two columns smaller than the size of the original a matrix.


Following the pattern, the pre-multiplier matrix for c is:

Pre-multiplier to reduce c:



1 0 0  0     0    . 0 .  0


0 1 0  0     0     . 0 .  0


0 0 1  0     0     . . .  0


0 0 0  c21   c31   . . .  cn-3,1

0 0 0 -c11   0     . . .  0


0 0 0  0    -c11   . . .  .


  . .  .     .     . . .  .


0 0 0  0     0      -c11  0


0 0 0  0     0       0   -c11

This goes on in this pattern and we get to the I’th row:




a11 a12    a13 . . . a1n 



0   b11    b12 . . . b1n-1 


GI = 
0   0     c11 . . . b1,n-2 

.   .   .  .   .  .  .    . 

0   0     I11 . . . Ii,n-i 

.   .   .  .   .  .  .    .

0   0     In-i,1 . . In-i,n-I 



1
a11 a12    a13 . . . a1n 

0
a11 a12    a13 . . . a1n

0
0   b11    b12 . . . b1n-1 

1
0   b11    b12 . . . b1n-1

0
0   0     c11 . . . b1,n-2 
0
0   0     c11 . . . b1,n-2
.   o
.   .   .  .   .  .  .    .    +
.  o
.   .   .  .   .  .  .    .   + . . . +

0
0   0     I11 . . . Ii,n-i 
0
0   0     I11 . . . Ii,n-i
.
.   .   .  .   .  .  .    .

.
.   .   .  .   .  .  .    .

0
0   0     In-i,1 . . In-i,n-I 
0
0   0     In-i,1 . . In-i,n-I


0
a11 a12    a13 . . . a1n 

 0
a11 a12    a13 . . . a1n

0
0   b11    b12 . . . b1n-1 

 0
0   b11    b12 . . . b1n-1

0
0   0     c11 . . . b1,n-2 
 0
0   0     c11 . . . b1,n-2
.   o
.   .   .  .   .  .  .    .    +
 .  o
.   .   .  .   .  .  .    .   + . . . +

1
0   0     I11 . . . Ii,n-I

 I21
0   0     I11 . . . Ii,n-i
.
.   .   .  .   .  .  .    .

-I11.
.   .   .  .   .  .  .    .

0
0   0     In-i,1 . . In-i,n-I 
 0
0   0     In-i,1 . . In-i,n-I


 0
a11 a12    a13 . . . a1n 



 0
0   b11    b12 . . . b1n-1

 0
0   0     c11 . . . b1,n-2
 .   o
.   .   .  .   .  .  .    .    =

 In-1
0   0     I11 . . . Ii,n-I


 0
.   .   .  .   .  .  .    .

-I11
0   0     In-i,1 . . In-i,n-I 


The pre-multiplier matrix is:



1 0 0 . . 0            0


0 1 0 . . 0            0


0 0 1 . . 0            0


. . . . . .   .  .  .


0 0 0 . . 1   .  .  .


0 0 0 . . I21 I31     In-i,1

0 0 0 . .-I11 0  . .  0


0 0 0 . .   -I11 . . 0


0 0 0 . . .  .  . . .

0 0 0 . .    0      -I11

And the last row (which is now reduced to a 2x2 submatrix) is calculated by:
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The pre-multiplier matrix ix:
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And Gn =
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Before I go on, let me recap what I’ve done.  I did the Gaussian reduction on an nxn square matrix (or an nxm augmented matrix, with the solutions = to zero).  I multiplied two rows at a time and added such that the value below the diagonal under the top element would equal zero.  I kept track of each hand calculated multiplication and addition process by putting them into a column matrix.  When I was finished, I combined each column into a square nxn matrix.  For an nxn matrix, there are n-1 cofactor matrices to set up.  Rather than keep on going on an infinite nxn matrix, I will let n = 3 and we will solve for a general 3x4 augmented matrix.  According to the proofs of the half-multiplier operator, we just take the pre-multiplier matrices developed by hand, transpose them and multiply.  We will get the same answers.
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The 3 x 4 augmented matrix.
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we must first find the values to put in for

the b matrix
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We use only the values under a12 of the first multiplication and ignore the rest.


b11 = a21 x a12 - a11 x a22

b21 = a31 x a12 - a11 x a23
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Note all the values under the principle diagonal are zero.
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For a 4x5 augmented matrix, evaluated symbolically by MathCad, we get:

[image: image150.wmf].

1

A21

A31

A41

0

A11

0

0

0

0

A11

0

0

0

0

A11

A11

A21

A31

A41

A12

A22

A32

A42

A13

A23

A33

A43

A14

A24

A34

A44

A

B

C

D

A11

0

0

0

A12

.

A21

A12

.

A11

A22

.

A31

A12

.

A11

A32

.

A41

A12

.

A11

A42

A13

.

A21

A13

.

A11

A23

.

A31

A13

.

A11

A33

.

A41

A13

.

A11

A43

A14

.

A21

A14

.

A11

A24

.

A31

A14

.

A11

A34

.

A41

A14

.

A11

A44

A

.

A21

A

.

A11

B

.

A31

A

.

A11

C

.

A41

A

.

A11

D


[image: image151.wmf]A11

0

0

0

A12

.

A21

A12

.

A11

A22

.

A31

A12

.

A11

A32

.

A41

A12

.

A11

A42

A13

.

A21

A13

.

A11

A23

.

A31

A13

.

A11

A33

.

A41

A13

.

A11

A43

A14

.

A21

A14

.

A11

A24

.

A31

A14

.

A11

A34

.

A41

A14

.

A11

A44

A

.

A21

A

.

A11

B

.

A31

A

.

A11

C

.

A41

A

.

A11

D


[image: image152.wmf].

1

0

0

0

0

1

B21

B31

0

0

B11

0

0

0

0

B11

a11

0

0

0

a12

B11

B21

B31

a13

B12

B22

B32

a14

B13

B23

B33

A

B1

C1

D1

a11

0

0

0

a12

B11

0

0

a13

B12

.

B21

B12

.

B11

B22

.

B31

B12

.

B11

B32

a14

B13

.

B21

B13

.

B11

B23

.

B31

B13

.

B11

B33

A

B1

.

B21

B1

.

B11

C1

.

B31

B1

.

B11

D1


[image: image153.wmf].

1

0

0

0

0

1

0

0

0

0

1

C21

0

0

0

C11

a11

0

0

0

a12

B11

0

0

a13

B12

C11

C21

a14

B13

C12

C22

A

B1

C2

D2

a11

0

0

0

a12

B11

0

0

a13

B12

C11

.

C21

C11

.

C11

C21

a14

B13

C12

.

C21

C12

.

C11

C22

A

B1

C2

.

C21

C2

.

C11

D2


[image: image154.wmf].

C21

C11

.

C11

C21

= 0, MathCad doesn’t seem to want to do the subtraction.

SO OUR MATRIX HAS NOW BEEN REDUCED TO:
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WHICH IS WHERE WE WANT IT TO BE.  THE VALUES FOR THE B'S, C'S AND D'S ARE:  (THE EXPRESSIONS ARE WAY TOO LONG TO PUT INTO TERMS OF a) .  The values for the B’s, C’s and D’s are:

B11 = A21 x A12 - A11 x A22
C11 = B21 x B12 - B11 x B22
D11 = C21 x C12 - C11 x C22

B21 = A31 x A12 - A11 x A32
C21 = B31 x B12 - B11 x B32
D11 = C21 x C2 - C11 x D2

B31 = A41 x A12 - A11 x A42
C12 = B21 x B13 - B11 x B23

B12 = A21 x A13 - A11 x A23
C22 = B31 x B13 - B11 x B33

B22 = A31 x A13 - A11 x A33
C2 = B21 x B1 - B11 x C1
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B1 = A21 x A - A11 x B
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D1 = A41 x A - A11 x D


MathCad cannot define the above variables, so I’ve written them in Word 7.


The pre-multiplier matrices used to get zero’s below the diagonal will be denoted as ½H( .  Now let’s try to complete the solution to Gaussian reduction by eliminating all off-diagonal elements going up.  This set of matrices will be denoted as ½H( .  I am not going to go through the problem like I did for the ½H( operator.  I’m just going to derive the first Gaussian matrix and extrapolate from there following the pattern.



-D11
a11 a12 a13 a14 A

 0
a11 a12 a13 a14 A

 0
a11 a12 a13 a14 A


 0   o
0   B11 B12 B13 B1   +
-D11+ o
0   B11 B12 B13 B1   +
 0   o
0   B11 B12 B13 B1  +


 0
0   0   C11 C12 C2
 0  
0   0   C11 C12 C2
-D11
0   0   C11 C12 C2


 a14
0   0   0   d11 D3
 B13
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 C13
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0
a11 a12 a13 a14 A



0    o
0   B11 B12 B13 B1   =


0  
0   0   C11 C12 C2


1
0   0   0   d11 D3


Putting the pre-multipliers together and transposing we get:
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Likewise, we can just write out the other two Gaussian pre-multipliers, so that the total ½H( operator becomes:
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To find the values for the second pre-multiplier, we must first multiply the first pre-multiplier by the reduced Gaussian matrix:
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The transformations are at the bottom of the problem, if I put them here, MathCad will put the values in the matrix and the algebra would be too long to put the solution on the same page much less the same line.  To find the values for the third pre-multiplier matrix, we must now multiply by the second pre-multiplier to the fourth Gaussian matrix:
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We now fill in for the final pre-multiplier matrix times the fifth Gaussian matrix:
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And we now have the total solution to the system of equations.

The variable substitutions for the matrices are:

F11 = D11 x C11
I11= F11 x G11


D11 = D4

G11 = D11 x B11
J11= F11 x H11


F11 = C4

G12 = D11 x B12
J12= F11 x H12


I11 = -F11 x B3 + G12 x C4

H11 = D11 x a11
A2= F11 x A1 + H13 x C4

H12 = D11 x a12
B4= F11 x B3 + G12 x C4

H13 = D11 x a13

A1 = D11 x A + a14 x D4

B3 = D11 x B2 + B13 x D4

C4 = D11 x C3 + C12 x D4

-I11xJ11 = I11xF11xA1 - I11xH13xC4 - J12xF11xB3 + J12xG12xC4

Note that the solutions for the ½H matrixes, whether you are multiplying up or down, are pre-calculated for us by the solution of the previous Gaussian matrix.  i.e. The first solution for the ½H( gives a column of zero’s under the position a11 .  All the numbers needed for the solution of the next Gaussian reducer matrix now lie under the position a22.  We must get all numbers below this to equal zero.  The topmost number (it is on the next diagonal) is given a negative value and completes the rest of the diagonal.

The numbers just below it are placed in position under the new 1 (identity) matrix occupying the place (row) of the row just reduced.  Their signs are unchanged.  All other values in the Gaussian reduction matrix are made equal to zero.  We continue in this manner until all elements under the principle diagonal are equal to zero.  Then we repeat the process, but instead of listing all elements below the a11 column, we list them  above the ann position. A one is placed in the ann position for the row one which is not to be changed. The negative of the value occupying  the ann position is put along the rest of the Gaussian reduction matrix diagonal.  Then we pre-multiply to the previous solution.  In all instances the previous calculation calculates the next needed values for us.  The matrix itself, in reduction, determines it’s own solution.  This is why this method should be so powerful for computers, we don’t have to calculate the later values, just read the column under the diagonal of the Gaussian reduction matrix just computed, plug them into the next pre-multiplier matrix in the sequence and multiply on, repeating the process until the solution is complete.


Boy, that’s enough symbolic math, let’s try solving a real problem.  This will be a 3x3 matrix both for brevity and illustration.


I will define the augmented matrix [A]34 as:



 3 -1 -2 -1


[A]34 =
-1  6 -3  0



-2 -3  6 -6


which represents the set of equations:


 3x -y-2z = 1
Which is equivalent to:
 3x -y-2z-1 = 0


 -x+6y-3z = 0




 -x+6y-3z = 0


-2x-3y+6z = 6




-2x-3y+6z-1= 0

Then ½H( is equal to:
 [image: image162.wmf].

1

0

0

0

1

b21

0

0

b11

1

1

2

0

3

0

0

0

3


Or if we wish to start with ½H( , we use the following Pre-multipliers:
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The values for the b's are computed during the first multiplication.  So ½H(  is equal to: 
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The first multiplication is:
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The number -17 lies on the diagonal, and is represented by b11, and the number just below it is 11, which represents b21.  We plug these values into the b pre-multiplier and multiply to the first Gaussian reduction matrix.  Remember, we take the negative of 

-17.
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We now have all zero's under the principle diagonal.  It is now time to reduce the matrix going up:  The number on the principal diagonal is -117.  We take it's negative and place it on the principle diagonal.  The two numbers above -117 are 11 and -2, they are placed above the 1 occupying the a33 position on the pre-multiplier matrix.  i.e.

So ½H( is equal to: 
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The first multiplication is:
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The number -1989 is the next number up on the principle diagonal with -117 above it.  -b11 = -1989 and -117 = b12.  Substituting and multiplying we get:
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Even though it is illegal (although mathematicians do it all the time) let's simplify by dividing each row by the value along it's diagonal.  i.e.
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We can do this totally by matrix by using the following method (which is also legal, by the way):
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First we isolate the diagonal and then take the inverse of each of it's elements
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I’ve isolated the diagonal
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I’m taking the inverse of each element along the diagonal
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   I’ve taken the inverse of each element along the diagonal
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  I’m multiplying each element in A2 by the inverse of the diagonal
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The solution of the augmented matrix

The equations are:

X-3=0 ; x = 3

y-2=0 ; y = 2

z-3=0 ; z = 3


Now that the four pre-multipliers are computed for  ½H( and  ½H(, we can multiply them together and get a single matrix for  ½H( and a single matrix for ½H(.  We can also multiply (½H()( ½H() or ( ½H()( ½H() to get a single matrix that will also solve the augmented matrix.  Let’s see how this works.


The ½H(, =

Gaussian 2 up x Gaussian 1 up    = 
 ½H(,
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The ½H( matrix =
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Then ( ½H()( ½H() =
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And

( ½H()( ½H()         x      A       =
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Note:  These operators do not commute.  The operator’s are computed starting with the down operation.  Commuting them with these values of  ½H( first gives invalid results.  i.e.
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But if we start reducing the augmented matrix by getting all zero's above the diagonal first, and then below the diagonal to finish the problem, we get the two Gaussian reduction matrices for the up first operation as:

Gaussian 2 up x Gaussian 1 up
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And Gaussian 2 down x Gaussian 1 down =
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And multiplying the two together we obtain:
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Or:
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Simplifying:

[image: image191.wmf]=

.

234

0

0

0

6318

0

0

0

8870472

702

12636

26611416

1

0

0

0

0

1

0

0

0

0

1

0

234

0

0

0

6318

0

0

0

8870472


[image: image192.wmf]Gup

234

0

0

0

6318

0

0

0

8870472


[image: image193.wmf]INVGup

Gup

1


[image: image194.wmf]=

INVGup

0.004

0

0

0

0

0

0

0

0

These are not actually zero’s along the diagonal, the numbers are too small for MathCad to show.

[image: image195.wmf]Aup

234

0

0

0

6318

0

0

0

8870472

702

12636

26611416


[image: image196.wmf]UPSOLUTION

.

INVGup

Aup


[image: image197.wmf]=

UPSOLUTION

1

0

0

0

1

0

0

0

1

3

2

3



Note:  I did this differently than from above because I just figured it out.  Especially the part of reducing the 3 x 4 augmented matrix to its diagonal.  (7-8-97).

This operator notation is confusing, even to me, so I am going to change the look of the operator a little to make it a little less confusing.  If we start with a down operation, the down operators will be

( ½H()d( ½H()d
and the up operator that begins after the down operation is complete will be

( ½H()du( ½H()du
If we begin with the up operators, the notation will be

( ½H()u( ½H()u

and the down operator that begins after the up operation is complete will be

( ½H()ud( ½H()ud
And

H( = ( ½H()ud( ½H()ud( ½H()u( ½H()u
We can now define

H( = ( ½H()du( ½H()du( ½H()d( ½H()d
as the solution which begins with a down multiplication

And

H( = ( ½H()ud( ½H()ud( ½H()u( ½H()u
as the solution which begins with an up multiplication

Then

H( ( H(
but

(H()A = (H()A

SIMPLIFYING

Note that even with a 3x3 matrix, the elements in the matrix get very large for

 H( & H(.  By a rough calculation, a 9x9 matrix could give a value for H larger than the memory capacity of my calculator (10499).  So like mathematicians have done inductively with Gaussian reduction for the past few hundred years or so, we will divide out the larger numbers as we come across them.


Lets look at the down operation again  

( ½H()d( ½H()d = [image: image198.png]1 0 0}ft 00
o1 o130
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No simplification needed here, let’s go to the next step:
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Let’s get rid of the large numbers in the last row by dividing by the number on the diagonal:






    1/117R3 


  1

3  -1   -2  -1

    3  -1   -2  -1



  1
o
0 -17   11   1
  =
    0 -17   11   1



1/117

0   0 -117 351

    0   0   -1   3


So the new and different ( ½H()du operator matrix is denoted as

      1/117R3
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      1/117R3
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Here in the second row we can divide by 17





 1/17R2

 1       3  -1  0 -7
        3  -1  0 -7


1/17  o  0 -17  0 34
=       0  -1  0  2


 1       0   0 -1  3
        0   0 -1  3

So the final multiplication becomes:
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And our solution is complete.


Note:  I write the divisor in the upper left hand corner of the matrix mainly for two reasons, the first so that it won’t be mistaken for an exponent, the second is to remind me of what steps I took to simplify the results and when and where, just in case I make a mistake and need to know where to look to correct it.

INVERSE OF A MATRIX


Suppose we extend A by adding on to it the identity matrix such that




a11 a12 a13 1 0 0




1 0 0 INVERSE


A =
a21 a22 a23 0 1 0
  ;  Then ( ½H()d( ½H()d A =
0 1 0    OF



a31 a32 a33 0 0 1




0 0 1    A


We’ve already calculated H(, so let’s see how this works.
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R2 stands for reducer matrix 2.  Reducer matrix 1 is here.  This operator takes a larger matrix to legally makes a smaller matrix out of it. Multiplying by R2 will return the inverse
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In mathematics, we can’t legally multiply a single row by a single number.  When we multiply a matrix by a number, we multiply every element in that matrix by that number.  By separating the left diagonal, taking it’s inverse and multiplying, I am doing this operation, but I am doing it legally. The operation everyone has really been doing all these centuries and thinking it illegal is


 1/698139
483,327 214,812 268,515
.692 .308 .385


-1/1989
     o
   -612    -714    -561   =
.308 .359 .282
  =


-1/117

    -45     -33     -51
.385 .282 .436


Or it is legally equal to:
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To check this answer, let's multiply by the un-augmented matrix A
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Here I’m multiplying A by it’s inverse
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  Here I’m multiplying in reverse order.  
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The matrix A and it’s inverse are commutative.

SYMMETRY


This section is for that mathematician or physicist who finds it unnecessary to learn two solution sets when one will do.  So let’s go ahead and solve the same augmented matrix using only the down operator:
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Now, since we are only using the ½H( operator, we must rotate the matrix along it’s central element a22 (in this case -17) 180(.  In other words, we must rotate the first Gaussian solution matrix such that a11 and a33 change places, likewise a31 and a13 change places.  We leave the solutions with their original rows, that part of the math does not change.


First I am going to divide row three by 117.  The rotated matrix now becomes:



-1   0  0  3

 -z +0y+0x = -3 

11 -17  0  1
or
11z-17y+0x = -1

-2  -1  3 -1

-2z - y+3x =  1

So let’s calculate down again:
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Now we need to get the -1 under the -17 to be zero, we accomplish this as follows:
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Now we divide by the numbers along the principle diagonal to simplify:
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Which is the solution we are looking for.

NESTED ARRAYS AND GAUSSIAN REDUCTION


Sometimes, especially in physics and engineering we have a matrix’s characteristic equation or determinant for which we have solved the roots or eigenvalues, but we need to plug each root back into the matrix and solve the system of equations for each root.  Usually this is done one root at a time.  I am going to use nested arrays to show how to solve all these matrix solutions at the same time.  We will solve for the wave functions of butadiene all in one set of operations.
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The butadiene secular matrix
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The symbolic determinant of the butadiene matrix
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The coefficients of the symbolic determinant in order from constant to X4 
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Normally, we would put -1.618 in the matrix for X and reduce the matrix to it’s simplest form, then put in -.618 in for X and reduce.  We do this for each of the roots, and will end up with four solutions.  As I do this all at the same time, although I could use row, column transformations, I will transform the transposed nested array into a diagonal.  It takes up more memory, but shows what I am doing better.
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The first Gaussian reduction matrix is:
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In the next computation the matrix is too big to fit on the page, so I am redefining TOTALSOLMATRIX as TSM (for this one problem).  Multiplying the nested array by the first Gaussian reduction matrix we get:
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Note that there are all zero’s under the diagonal in the 1st, 5th,9th  and 13th columns.  Now to get zero’s under the diagonal in the 2nd, 6th, 10th and 14th columns:
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Now we multiply the first product RM1 by the second Gaussian reduction matrix:
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(This is the computer program, believe it or not)


Now we want to get zero’s under the diagonal in the 3rd, 7th, 11th and 15th columns:
[image: image236.wmf]GRM3
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Now we multiply the second reduced matrix by the third Gaussian reduction matrix:

[image: image237.wmf]=

.

GRM3

RM2

1.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1.618

1.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

2.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0.618

0.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0.382

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0.618

0.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0.382

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1.618

1.618

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

2.618

0



Woah!  They’re all zero’s!  This means we can’t reduce the matrix to simpler terms.  We can play with it if we want, but no further reductions are really needed.

Let’s put all values in terms of the diagonal:

I16 = identity(16)

[image: image238.wmf]DIAG

(

)

.

I16

RM3


[image: image239.wmf]INVDIAG

DIAG

1


[image: image240.wmf]SOL

.

INVDIAG

RM3


MATHCAD CAN'T TAKE THE INVERSE BECAUSE OF THE ZERO'S ALONG THE DIAGONAL, SO I'LL HAVE TO DO IT BY HAND:

[image: image241.wmf]INVDIAG
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I also clicked out the zero's on the diagonal and replaced them with real zero's.  Due to rounding errors, the zero's in RM3 are very small numbers.  HOW TO READ: For the first wave function  a11=.618a2;a2=a3; a3=1.618a4.  For the second wave function, a1=1.618a2; a2=-a3; a3=.618a4.  For the third wave function, a1=-1.618a2; a2=a3; a3=-.618a4.  For the fourth and last wave function, a1=-.618a2; a2=-a3; a3=-1.618a4
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GENERAL MATRIX SOLUTION SET FOR ½H(

1 0 0 . . . 0    0  
1 0 0 . . . 0    0   0  

1 0 0 . . . 0     0    0     0  

0 1 0 . . . 0    0  
0 1 0 . . . 0    0   0  

0 1 0 . . . 0     0    0     0  

0 0 1 . . . 0    0  
0 0 1 . . . 0    0   0  

0 0 1 . . . 0     0    0     0  
. . . . . . .    .  
. . . . . . .    .   .  

. . . . . . .     .    .     .  
. . . . . . .    .  
. . . . . . .    .   .  

. . . . . . .     .    .     .
. . .

0 0 0 . . . 1    0  
0 0 0 . . . 1    0   0  

0 0 0 . . . 1     0    0     0

0 0 0 . . . M21 -M11  
0 0 0 . . . L21 -L11 0  

0 0 0 . . . K21  -K11  0     0




0 0 0 . . . L31  0  -L11

0 0 0 . . . K31   0   -K11   0







0 0 0 . . . K41   0    0    -K11

1 0 0. . . 0              0     0   . . . 0   0  

1. . . 0              0     0   . . . 0   
 0

0 1 0. . . 0              0     0   . . . 0   0

0. . . 1              0     0   . . . 0   
 0

0 0 1. . . 0              0     0   . . . 0   0

0. . . B21 -B11       0     0   . . . 0   
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. . .. . . .              .     .   . . . .   .

0. . . B31  0   -B11  0     0   . . . 0   
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. . .. . . .              .     .   . . . .   .

0. . . B41  0       -B11    0   . . . 0   
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0 0 0. . . 1              0     0   . . . 0   0

.. . . .              .     .   . . . .   
 .
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. . .
.. . . .              .     .   . . . .   
 .

0 0 0. . . I31  0   -I11  0     0   . . . 0   0

0. . . Bi1            0     0   -B11.  0   
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0 0 0. . . I41  0       -I11    0   . . . 0   0

0. . . Bi1            0     0   .     -B11
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. . .. . . .              .     .   . . . .   .

0. . . B(n-I),1        0     0   . . . .  
-B11
. . .. . . .              .     .   . . . .   .

0 0 0. . . Ii1            0     0   -I11.  0   0

. . .. . . .              .     .   . . . .   .

. . .. . . .              .     .   . . . .   .

0 0 0. . . I(n-I),1        0     0   . . . .  -I11

1              0     0   . . . 0   
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A21 -A11       0     0   . . . 0   
 0
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.              .     .   . . . .   
 .

.              .     .   . . . .   
 .

Ai1            0     0   -A11.  0   
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Ai1            0     0   .     -A11
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A(n-I),1        0     0   . . . .  
-A11
GENERAL MATRIX SOLUTION SET FOR ½H(
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 0     0    0    1     0 . . . 0
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 .    .   .    .. . . .
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0    0   0  1  0

 0    0   0    0. .1. 0

 .     .    .    .     . . . . .

0    0   0  0  1

 0    0   0    0. .0. 1

 .     .    .    .     . . . . .
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 0     0    0    0     0   0   1
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 0    .     0                 0        1
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 0    .     0   .  . .  . 0    0        1.  . . . . 0
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-A11  0     0   .  . .  .     A(n-1),1
 0   -A11   0   .  . .  .        
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 0    .    -A11         .     A14
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 0    .     0                 1  

FACTORIAL DESIGN:  THREE FACTORS
COMPUTATIONAL HANDBOOK OF STATISTICS, 2ND EDITION, SECTION 2.3.  PG. 31 - 38.

I am going to solve this 3 variable problem 5 different ways, the last way I just thought of a few days ago (about 8-18-97).  I do not know if it will even work, we’ll try it as we go along.  The final method and the method of nested arrays will solve everything except the sum of squares all in two to three operations.  I will briefly go through the b method, then the upgrade.  I shall also write out the compact form of the math using the operators.

I cannot find the mathematical equations for this exercise.  There are many in the library but I am not sure which one is the correct method, neither can I identify the equations for most of the rest of the math in this paper, but the equations are not necessary, the matrix method works despite having them.  I only include them to show how much easier statistics is when looked at as an accounting/inventory system rather than from a system of random variables.  In actuality, statistics, as it has been developed over the years, is just a very difficult way to define matrix multiplication.

EXAMPLE:   Assume the experimenter in Section 2.2, in addition to effects of high Vs low shock, is also concerned with determining the effects of rate of list presentation on learning in the above conditions i.e. fast Vs slow rates of presentation).  For the present example, the variables are high Vs low shock, hard Vs easy lists and fast Vs slow rate of presentation.  Subjects are randomly assigned to one of eight experimental conditions.  Subjects in group 1 receive periodic low intensity shocks and must memorize an easy list presented at a slow rate.;  group 2 low intensity shock, easy list, fast rate.  Group 3, low, hard, slow; group 4, low, hard, fast.  Groups 5,6,7 and 8 are given the same conditions but receive high shocks.  The total number of errors made by each subject is the measure recorded.

b METHOD


G1 G2 G3 G4 G5 G6 G7 G8




15 23 11 25 14 24 11 39



 8 16 16 27  6 16 17 32

DATA 

 9 17  8 29  3 10 12 38



 7 17 14 34  5 18 14 39



 8 14 20 38  6 13 21 33



 4 11 16 26  7 17 18 31
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GRAND SUM OF MATRIX:
SUM1 = [1]1,6[A]6,8
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GRAND SUM OF SQUARES: 
(Note:  in this case, I multiplied AAT to get a 6x6 matrix instead of an 8x8 which would be ATA).

[1]1,6([A]6,8([A]6,8)[1]8,1   
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[1]1,6(diag([A]6,8[A]T8,6))[1]1,6

[1 1 1 1 1 1](diag (
15 23 11 25 14 24 11 39
15  8  9  7  8  4  )) 
 1



 8 16 16 27  6 16 17 32
23 16 17 17 14 11
 1


 9 17  8 29  3 10 12 38
11 16  8 14 20 16
 1   =



 7 17 14 34  5 18 14 39
25 27 29 34 38 26
 1



 8 14 20 38  6 13 21 33
14  6  3  5  6  7
 1



 4 11 16 26  7 17 18 31
24 16 10 18 13 17
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3914
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 2972
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HP-48G PROGRAM:


RCL A

(
TRN

SWAP

x

MATH,MATR,NXT,(DIAG

6

(
DIAG(
RCL ONE6

SWAP

x








RCL SIX1









x









STO SUM2 (OR GNDSUMSQ)









TOTAL SUM OF SQUARES:
[1]1,6(diag([A]6,8[A]T8,6))[1]1,6 - [SUM1]1,6[1]6,1(b/NT)= SST =

NT = 6 x 8 = 48
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STEP 6:  Computation of the overall effects of high Vs low shock.  (first factor     

effect).  I wrote this math to follow over a year ago.  The first line is      how the half-multiplier operator acts on the data.  The second line is the b method, and the last line is how the updated math is expressed.

SSSHOCK = C([A]ij[DB1]j,2[b/NS]2,1 - R((C([A]ij)[b/NT] ;  NS = NT/# columns in DB1 = 48/2 = 24


[1]1,I[A]ij[DB1]j,2[b/NS]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1

(1/NS)( [1]1,I[A]ij[DB1]j,2)2 - ([1]1,I[A]ij[1]j,1)2  Where C2 = CCT in both cases.


[SUM1]1,6 = C([A]6,8
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NOTE:  Suppose we write the above equation as:
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We subtract the correction factor automatically in the mathematics.

--------------------------------------------------------------------------------------------

But we can subtract the correction factor automatically also using this updated method (I just saw this today, 4-23-97) if we proceed as follows:

[1]1,3 (([SUM1]1,8[DB1b]8,3)T)o2diag[1/Ni]3,3 or [1]1,3(([SUM1]1,8[DB1b]8,3)T)o2o[1/Ni]3,1
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Or

[1]1,3(([51 98 85 179 41 98 93 212]
1 0 1   )T)o2  1/24

=






1 0 1

    1/24






1 0 1


 -1/48






1 0 1






0 1 1






0 1 1






0 1 1






0 1 1


      [1 1 1](
413   413 )
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And now for the regular way which I use through most of this book:

(1/NS)( [1]1,I[A]ij[DB1]j,2)2 - ([1]1,I[A]ij[1]j,1)2
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STEP 7:   Computation of the second factor effects (effects of hard Vs easy list): SSL.

SSLIST = C([A]ij[DB11]j,2[b/NL]2,1 - R((C([A]ij)[b/NT]1,1

OPERATOR NOTATION

     =
[1]1,i[A]ij[DB11]j,2[b/NL]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1
b NOTATION
     = (1/NL)([1]1,i[A]ij[DB11]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2
UPGRADED NOTATION
     = [1]1,3 (([SUM1]1,8[DB11]8,3)T)o2diag[1/Ni]3,3

COMPACTED UPGRADED NOTATION

NOTE:  All the math is the same as in step 6 except we multiply by [DB11] instead of [DB1]. 

SSL = [1]1,i[A]ij[DB11]j,2[b/NL]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1
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Method 2:  

NOTE:  Suppose we write the above equation as: SSL = [SUM1]1,8[DB11b]8,3[b/NI]3,1
We subtract the correction factor automatically in the mathematics.

SSL = [SUM1]1,8[DB11b]8,3[b/NI]3,1
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METHOD 3:

But we can subtract the correction factor automatically also using this updated method: 

[1]1,3 (([SUM1]1,8[DB11b]8,3)T)o2diag[1/Ni]3,3 or [1]1,3(([SUM1]1,8[DB11b]8,3)T)o2o[1/Ni]3,1 
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And now for the regular way:

SSL upgrade: SSL = = (1/NL)([1]1,i[A]ij[DB11]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2 
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HP-48G PROGRAM:
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STEP 8:   Computation of the effects of the third factor (effects of fast Vs slow rate of


   presentation.)  SSR.  NR = NT/# columns in DB12 = 48/4 = 12.

SSRATE = C([A]ij[DB2]j,2[b/NR]2,1 - R((C([A]ij)[b/NT]1,1

OPERATOR NOTATION

     =
[1]1,i[A]ij[DB2]j,2[b/NR]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1
b NOTATION
     = (1/NR)([1]1,i[A]ij[DB2]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2
UPGRADED NOTATION
     = [1]1,3 (([SUM1]1,8[DB2]8,3)T)o2diag[1/Ni]3,3

COMPACTED UPGRADED NOTATION

METHOD 1:

NOTE:  All the math is the same as in step 6 & 7 except we multiply by [DB2] instead of [DB1] & [DB11]. 

SSR = [1]1,i[A]ij[DB2]j,2[b/NR]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1 
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METHOD 2: NOTE:  Suppose we write the above equation as:
SSR = [SUM1]1,8[DB2b]8,3[b/NI]3,1 
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We subtract the correction factor automatically in the mathematics.

--------------------------------------------------------------------------------------------

METHOD 3:

But we can subtract the correction factor automatically also using this updated method: 

[1]1,3 (([SUM1]1,8[DB2b]8,3)T)o2diag[1/Ni]3,3 or [1]1,3(([SUM1]1,8[DB2b]8,3)T)o2o[1/Ni]3,1 
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METHOD 4:


And now for the regular way:

SSR = (1/NR)([1]1,i[A]ij[DB2]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2 
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STEP 9:   Computation of the interactive effects of the first and second factors (shock x 

list).  SSSxL; NSxL = NT/# columns in DB12 = 48/4 = 12.  Note, this math is also  the same as in steps 6, 7, and 8, except DB2 has 4 columns instead of 2.

SSSxL = C([A]ij[DB12]j,4[b/NSxL]4,1 - R((C([A]ij)[b/NT]1,1-SSS-SSL

OPERATOR NOTATION

     =
[1]1,i[A]ij[DB12]j,4[b/NSxL]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSS-SSL
b NOTATION
     = (1/NSxL)([1]1,i[A]ij[DB12]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSS-SSL
UPGRADED NOTATION
     = [1]1,5 (([SUM1]1,8[DB12]8,5)T)o2diag[1/Ni]5,5 -SSS-SSL

COMPACTED UPGRADED NOTATION

NOTE:  All the math is the same as in step 6, 7 & 8 except we multiply by [DB2] instead of [DB1], [DB11] & [DB2] and subtract SSS and SSL. 

SSSxL = [1]1,i[A]ij[DB12]j,4[b/NSxL]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSS-SSL 
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METHOD 2:

SSSxL = [SUM1]1,8[DB12b]8,4[b/NI]3,1​-CORRFACT-SSS-SSL

[image: image354.wmf]SSSxL

.

.

SUM1

DB12b

b

N

i

SSs

SSL


[image: image355.wmf]SSSxL

.

.

(

)

51

98

85

179

41

98

93

212

1

1

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

b

1

N

SxL

b

2

N

SxL

b

3

N

SxL

b

4

N

SxL

b

1

N

T

SSs

SSL


[image: image356.wmf]=

.

(

)

51

98

85

179

41

98

93

212

1

1

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

149

264

139

305

857

(

)


  b1   b2   b3   b4   b

[image: image357.wmf](

)

149

264

139

305

857


[image: image358.wmf]SSSxL

.

(

)

149

264

139

305

857

149

12

264

12

139

12

305

12

857

48

SSs

SSL


[image: image359.wmf]=

SSSxL

54.187


We subtract the correction factor automatically in the mathematics.

METHOD 3:

But we can subtract the correction factor automatically also using this updated method:

[1]1,5 (([SUM1]1,8[DB12b]8,5)T)o2diag[1/Ni]5,5-SSS-SSL or 

[1]1,5(([SUM1]1,8[DB12b]8,5)T)o2o[1/Ni]5,1 –SSS-SSL
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SSSxL =
17,020 - 15,301 - 1645 - 20 = 54
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METHOD 4:


And now for the regular way:

SSSxL = = (1/NSxL)([1]1,i[A]ij[DB12]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSS-SSL 
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STEP 10:  Computation of the interactive effects of the first and third factors (shock x 


 rate of presentation).  SSSxR.  NSxR =NT/# columns in DB21 = 48/4 = 12.

SSSxR = C([A]ij[DB21]j,4[b/NSxR]4,1 - R((C([A]ij)[b/NT]1,1-SSS-SSR

OPERATOR NOTATION

     =
[1]1,i[A]ij[DB21]j,4[b/NSxR]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSS-SSR
b NOTATION
     = (1/NSxR)([1]1,i[A]ij[DB21b]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSS-SSR
UPGRADED NOTATION
     = [1]1,5 (([SUM1]1,8[DB21]8,5)T)o2diag[1/Ni]5,5 -SSS-SSR

COMPACTED UPGRADED NOTATION

NOTE:  All the math is the same as in step 9 except we multiply by [DB21] instead of [DB12] and subtract SSS and SSR. 

 SSSxR =
[1]1,i[A]ij[DB21]j,4[b/NSxR]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSS-SSR 
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METHOD 2:

NOTE:  Suppose we write the above equation as:

SSSxR = [SUM1]1,8[DB21b]8,5[b/NI] –SSS-SSR
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METHOD 3:

We subtract the correction factor automatically in the mathematics.  We can also subtract the correction factor automatically using the updated method:

SSSxR = [1]1,5 (([SUM1]1,8[DB21]8,5)T)o2diag[1/Ni]5,5 or [1]1,5(([SUM1]1,8[DB21]8,5)T)o2o[1/Ni]5,1 
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SSSxR =
17,440 - 15,301 - 20 - 2093 = 26
-----------------------------------------------------------------------------------------

METHOD 4:


And now for the regular way :

SSSxR = 1]1,i[A]ij[DB21b]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSS-SSR
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STEP 11:   Computation of the interactive effects of the second and third factors 


   (difficulty x rate of presentation). SSLxR.  NLxR =NT/# columns in DB4; = 48/4 = 12 

SSLR = C([A]ij[DB4]j,4[b/NLxR]4,1 - R((C([A]ij)[b/NT]1,1-SSL-SSR

OPERATOR NOTATION

     =
[1]1,i[A]ij[DB4]j,4[b/NLxR]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSL-SSR
b NOTATION
     = (1/NLxR)([1]1,i[A]ij[DB4]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSL-SSR
UPGRADED NOTATION
     = [1]1,5 (([SUM1]1,8[DB4]8,5)T)o2diag[1/Ni]5,5 -SSL-SSR

COMPACTED UPGRADED NOTATION

NOTE:  All the math is the same as in step 9 & 10 except we multiply by [DB4] instead of [DB12] or [DB21] and subtract SSL and SSR. 

SSLxR =
[1]1,i[A]ij[DB4]j,4[b/NLxR]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSL-SSR 
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METHOD 2:

NOTE:  Suppose we write the above equation as: SSLxR = [SUM1]1,8[DB4b]8,5[b/NI] –SSL-SSR
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We subtract the correction factor automatically in the mathematics.

--------------------------------------------------------------------------------------------

But we can subtract the correction factor automatically also using this updated method:

SSLxR = [1]1,5 (([SUM1]1,8[DB4b]8,5)T)o2diag[1/Ni]5,5 or [1]1,5(([SUM1]1,8[DB4b]8,5)T)o2o[1/Ni]5,1 
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SSLR =
19,287 - 15,301 - 1645 - 2093 = 248
METHOD 4:


And now for the regular way :

SSLxR = (1/NLxR)([1]1,i[A]ij[DB4]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSL-SSR
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STEP 12:   Computation of the interactive effects of the first, second and third factors 

(shock x list difficulty x rate of presentation.  SSSxLxR. NSxLxR = NT/# elements in SUM1 = 48/8 = 6.

SSSxLxR: (C([A]ij) (C([A]ij)T (1/NSxLxR) - CORRFACT-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR OPERATOR NOTATION

[SUM1]1,8[SUM1 1]T8,2[1/NSxLxR -b/NT]T-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR

    b NOTATION

(1/NSxLxR)[SUM1][SUM1]T- CORRFACT-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR

    UPGRADED NOTATION

b NOTATION

METHOD 1:

SSSxLxR = [SUM1]1,8[SUM1 1]T8,2[1/NSxLxR -b/NT]T-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR
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METHOD 2:

SSSxLxR = (1/NSxLxR)[SUM1][SUM1]T- CORRFACT-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR


(1/NSxLxR)[SUM1][SUM1]T- CORRFACT-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR
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SSSxLxR = 19,391 - 15,301 - 20 - 1645 - 2093 - 54 - 26 - 248 = 4.

STEP 13:   Computation of the error term sum of squares.  SSERROR.


SSERROR = SST -SSS-SSL-SSR-SSSxL-SSSxR-SSLxR-SSSxLxR

SSERROR = 4782 - 20 - 1645 - 2093 - 54 - 26 - 248 -4 = 692

STEP 14:   All computations are done, we must now compute the df’s for each of the


   components.

SST 
 = 4782

df = TOTAL # ELEMENTS - 1 = 48 - 1 = 47

SSS
 =   20

df = # SHOCK CONDITIONS - 1 = 2 - 1 = 1

SSL
 = 1645

df = # LIST DIFFICULTIES - 1 = 2-1  = 1

SSR
 = 2093

df = # RATES OF PRESENTATION - 1 = 2-1=1

SSSxL
 =   54

df = dfSSS x dfSSL = 1 x 1 = 1

SSSxR
 =   26

df = dfSSS x dfSSR = 1 x 1 = 1

SSLxR
 =  248

df = dfSSL x dfSSR = 1 x 1 = 1

SSSxLxR
 =    4

df = dfSSS x dfSSL x dfSSR = 1 x 1 x 1 = 1

SSERROR
 =  692

df = df(SST-SSS-SSL-SSR-SSSxL-SSLxR-SSSxR-SSSxLxR=47-1-1-1-1-1-1-1=40

STEP 15:

CALCULATION OF F:

F = [SS] o [df]-1 o[ERROR]-1
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Therefore it is concluded that list difficulty and presentation rate affect error making in a word memorizing situation and that the effects of list difficulty and presentation rate are interactive.


If you note in the above problems, the math and programs are exactly the same, SUM1 times a database squared or SUM1 squared times a constant 1/N.  The only exception is the sum of squares.  This brings up an interesting question:  Would it be possible to multiply SUM1 times all the databases all at the same time?  That in fact is easy, but can we square the resulting matrix and divide all the resulting values by the proper Ni to obtain a matrix of the sum of squares for each factorial analysis?  I don’t know myself at this point, I can in my head, but I don’t know if it will work on paper, so lets explore.  I see two ways of possibly accomplishing this, one by a system of nested arrays, the second by an expanded definition of the statistical database.

METHOD OF NESTED ARRAYS

Now I am going to calculate all the needed values at one time (except for the sum of squares) using the properties of the half-multiplier operator.  I am going to create one grand matrix of all the post-multiplier matrices and then will hollow dot this grand matrix by SUM1.  Since hollow dotting is equivalent to our regular multiplication, we multiply each separate database by the matrix of the sum of the columns.  Then by squaring this and summing each individual database, we will obtain one number for each database.  I will then place SST into this matrix under the term for the correction factor and proceed with the subtractions.  To try to fit this all on a single page, I am going to reduce the type point
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We include the total sum of squares in the 0 position and calculate the F values as described in the MathCad +6 program that follows:

MATHCAD +6 PROGRAM FOR NESTED ARRAYS
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NOW THIS IS ALL WELL AND GREAT, BUT HOW ARE WE GOING TO  SUM AND SEPARATE THESE ELEMENTS TO GET THE MATRIX IN ITS FINAL FORM?  WE GO TO GOOD OLD [DB1], BUT WITH CERTAIN MODIFICATIONS.  WE PROCEED AS FOLLOWS:

[image: image464.wmf]DB1A

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



[image: image465.wmf]DB1B

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

1

1

1

1

0

0

0

0

0

0

0

0

0

0

1

1

1

1

0

0

0

0

0

0

0

0

0

0

1


[image: image466.wmf]DB1

stack

(

)

,

DB1A

DB1B


[image: image467.wmf]A14

.

A13

DB1


[image: image468.wmf]=

DB1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1


[image: image469.wmf]=

A14

15301.021

0

15321.042

16946.042

17394.542

17020.25

17440.083

19287.083

19391.5

(

)


[image: image470.wmf]SST1

(

)

0

20083

0

0

0

0

0

0

0


[image: image471.wmf]A15

A14

SST1


NOTE:   MUST ENTER SST1 MATRIX BY HAND,  THERE IS NO WAY TO CALCULATE USING SUM1. 
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TO FIND SST, SSS,SSL AND SSR:
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THE 0 SPACE IS RESERVED FOR SSERROR.

TO FIND SSSxL, SSSxR & SSLxR:
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TO FIND SSSxLxR:
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As I was looking through the MathCad +6 program for this three factor statistic, I realized I didn’t work out the mathematics, I just wrote the program.  I had just thought of this method a few days ago and I wanted to see if it really worked before I went any further with it.  What happened is what usually happens when mathematics is being invented as there are no guidelines to tell you how to proceed with the math, I saw a better way to solve the problem.  In the MathCad program, I am straining to make the math work out.  I get the right answer, but it does not evolve from a mathematical equation.  I re-wrote the total DBALL matrix so the solution for SS = [1/N][A]2 as [A]28,1o[A]28,1o[N]-128,1 which can easily be done on MathCad with the vectorize operation and with some diagonalizing and regular multiplying on the HP-48G calculator([A]1,28(diag[A]28,28diag[N]-128,28) for a row matrix or (diag[A]28,28xdiag[A]28,28)[1/N]28,1 for a column matrix solution.
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 [A]1,28 = [857 0 413 444 288 569 270 587 149264 139 305 136 277 134 310 92 196 178 391 51 98 85 179 41 98 93 212]

[N]-11,28 = [1/48 1 1/24 1/24 1/24 1/24 1/24 1/24 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/12 1/6 1/6 1/6 


1/6 1/6 1/6]

The MathCad program would look like:   AxAxN-1

The Half-Multiplier operation would look like: AT o AT o (1/N)T
THE HP-48G math would proceed as follows:  (excuse the abbreviations, but I need 

to get the math on one page).
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for a column matrix, or:
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   = [8572/48 0 4132/24 4442/24 . . . 2122/6]

for a row matrix.


To sum the values for each individual DB in DBALL to get the uncorrected sum of squares we must multiply  by DB1.  There is not enough room on this page to write it, so we must go to the next page to do the final initial summing.

uncorrected sum of squares:
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= [15301.021 0 15,321.042 16,946.042 17,394.542 17,020.25 17,440.083 19,287.083 19,391.5]

To find the Grand Sum of Squares:
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While we are at it, we might as well place it into matrix form:
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To find SST, SSS, SSL and SSR:  The zero column is reserved for SSERROR
First we must subtract the correction factors:  
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SSCORRECTED = [4781.979 20.021 1645.021 2093.521 1719.229 2139.063 3986.063 4090.479 0].
Or by using the Half-Multiplier Operator:
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To find SST, SSS, SSL and SSR:

SSTSSSSSLSSR = SSCORRECTED o DB11 = [4782 20 1645 2093 0 0 0 4090 0]  Which is calculated the hard way by:
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Or by using the Half-Multiplier Operator:
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To find SSSxL, SSSxR and SSLxR: 
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   SS3 = SSTSSSSSLSSR + SSSxLSSSxRSSLxR = [4782 20 1645 2093 54 26 248 4090  0]
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Or

[DB14] = [1 1 1 1 1 1 1 0 0]


And finally we calculate SSERROR: [image: image555.wmf]SSERROR

.

SS4

DB15


[image: image556.wmf].

(

)

4781.979

20.021

1645.021

2093.521

54.187

25.521

247.521

4.686

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

0




   [0 0 0 0 0 0 0 0 (4782 - 20 - 1645 - 2093 - 54 - 26 - 248 - 4.687) ] = 







[0 0 0 0 0 0 0 0 691.5]




SS = SSERROR + SS4 = = [4782 20 1645 2093 54 26 248 4.687 691.5]

HP-48G PROGRAM:

RCL SUM1


RCL DBSUM



MTH,MATR,NXT,DIAG(
RCL DBALL


x




x

<<SQ>>



STO SS1UNCOR



STO SSSLR

((TEACH



RCL SS1UNCOR



RCL SSSLR

EXAM,PRGS,APLY


RCL SS1 = [0 20,083 0 0 0 0 0 0 0]
RCL DB12

RCL N



+




x

28



STO SSCORR



RCL SSSLR

(



RCL DBSSTLR



+  (SSSxL,SxR,LxR)

MTH,MATR,NXT,DIAG(

x




STO SS2

x

A o A o N
RCL DB11   [1 1 1 1 0 0 0 1 0]
RCL SS2

STO ASQxN


9




RCL DB13

RCL ASQxN


(




x

STO SSSxLxR
RCL SSSxLxR
RCL DB14
[1 1 1 1 1 1 1 0 0]

9

(
MTH,MATR,NXT,DIAG(
x

RCL SSSxLxR
+

STO SUM3

RCL SUM3

RCL DB15

x

[0 0 0 0 0 0 0 0 691.5]

RCL SUM3

+

STO SS
[4782 20 1645 2093 54 26 248 4.687 691.5]
ABBREVIATED PROGRAMS

GRANDSUMSQ =  [1]1,6([A]6,8([A]6,8)[1]8,1   [1]1,6(diag([A]6,8[A]T8,6))[1]1,6
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TOTAL SUM OF SQUARES:
[1]1,6(diag([A]6,8[A]T8,6))[1]1,6 - [SUM1]1,6[1]6,1(b/NT)= SST =

NT = 6 x 8 = 48
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[image: image560.wmf]=
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SSSHOCK = C([A]ij[DB1]j,2[b/NS]2,1 - R((C([A]ij)[b/NT] ;  NS = NT/# columns in DB1 = 48/2 = 24


[1]1,I[A]ij[DB1]j,2[b/NS]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1

(1/NS)( [1]1,I[A]ij[DB1]j,2)2 - ([1]1,I[A]ij[1]j,1)2  Where C2 = CCT in both cases.


[SUM1]1,6 = C([A]6,8

METHOD 1:

[image: image561.wmf]SSs
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METHOD 2:
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METHOD 3: 

SST = [1]1,3 (([SUM1]1,8[DB1b]8,3)T)o2diag[1/Ni]3,3 or [1]1,3(([SUM1]1,8[DB1b]8,3)T)o2o[1/Ni]3,1
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METHOD 4:

 (1/NS)( [1]1,I[A]ij[DB1]j,2)2 - ([1]1,I[A]ij[1]j,1)2
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STEP 7:   Computation of the second factor effects (effects of hard Vs easy list): SSL.

SSLIST = C([A]ij[DB11]j,2[b/NL]2,1 - R((C([A]ij)[b/NT]1,1

OPERATOR NOTATION

     =
[1]1,i[A]ij[DB11]j,2[b/NL]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1
b NOTATION
     = (1/NL)([1]1,i[A]ij[DB11]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2
UPGRADED NOTATION
     = [1]1,3 (([SUM1]1,8[DB11]8,3)T)o2diag[1/Ni]3,3

COMPACTED UPGRADED NOTATION

METHOD 1:

SSL = [1]1,i[A]ij[DB11]j,2[b/NL]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1
[image: image565.wmf]SSL
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METHOD 2:
SSL = [SUM1]1,8[DB11b]8,3[b/NI]3,1
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METHOD 3:

[1]1,3 (([SUM1]1,8[DB11b]8,3)T)o2diag[1/Ni]3,3 or [1]1,3(([SUM1]1,8[DB11b]8,3)T)o2o[1/Ni]3,1 
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METHOD 4:

SSL = = (1/NL)([1]1,i[A]ij[DB11]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2 
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.

1

N

L

(

)

.

SUM1

DB11

2

.

.

1

N

T

SUM1

EIGHT1


STEP 8:

METHOD 1:

SSR = [1]1,i[A]ij[DB2]j,2[b/NR]2,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1 
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METHOD 2:

SSR = [SUM1]1,8[DB2b]8,3[b/NI]3,1 

[image: image571.wmf]SSR
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METHOD 3:

[1]1,3 (([SUM1]1,8[DB2b]8,3)T)o2diag[1/Ni]3,3 or [1]1,3(([SUM1]1,8[DB2b]8,3)T)o2o[1/Ni]3,1 
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METHOD 4:

SSR = (1/NR)([1]1,i[A]ij[DB2]j,2)2 - (1/NT)([SUM1]1,8[1]8,1)2 
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STEP 9:

METHOD 1:

SSSxL = [1]1,i[A]ij[DB12]j,4[b/NSxL]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSS-SSL 
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METHOD 2:

SSSxL = [SUM1]1,8[DB12b]8,4[b/NI]3,1​-CORRFACT-SSS-SSL
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METHOD 3:

[1]1,5 (([SUM1]1,8[DB12b]8,5)T)o2diag[1/Ni]5,5-SSS-SSL or 

[1]1,5(([SUM1]1,8[DB12b]8,5)T)o2o[1/Ni]5,1 –SSS-SSL
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METHOD 4:

SSSxL = = (1/NSxL)([1]1,i[A]ij[DB12]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSS-SSL 
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STEP 10:

METHOD 1:

SSSxR =
[1]1,i[A]ij[DB21]j,4[b/NSxR]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSS-SSR 
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METHOD 2:

SSSxR = [SUM1]1,8[DB21b]8,5[b/NI] –SSS-SSR
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METHOD 3:

SSSxR = [1]1,5 (([SUM1]1,8[DB21]8,5)T)o2diag[1/Ni]5,5 or [1]1,5(([SUM1]1,8[DB21]8,5)T)o2o[1/Ni]5,1 
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METHOD 4:

SSSxR = 1]1,i[A]ij[DB21b]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSS-SSR
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STEP 11:

METHOD 1:

SSLxR =
[1]1,i[A]ij[DB4]j,4[b/NLxR]4,1 - [1]1,I[A]ij[1]j,1[b/NT]1,1-SSL-SSR 

[image: image584.wmf]SSLxR
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METHOD 2:

SSLxR = [SUM1]1,8[DB4b]8,5[b/NI] –SSL-SSR

[image: image585.wmf]SSLxR
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METHOD 3:

SSLxR = [1]1,5 (([SUM1]1,8[DB4b]8,5)T)o2diag[1/Ni]5,5 or [1]1,5(([SUM1]1,8[DB4b]8,5)T)o2o[1/Ni]5,1 
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METHOD 4: 

SSLxR = (1/NLxR)([1]1,i[A]ij[DB4]j,4)2 - (1/NT)([SUM1]1,8[1]8,1)2 -SSL-SSR
[image: image588.wmf]SSLxR
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STEP 12:

METHOD 1:

SSSxLxR = [SUM1]1,8[SUM1 1]T8,2[1/NSxLxR -b/NT]T-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR
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METHOD 2:

SSSxLxR = (1/NSxLxR)[SUM1][SUM1]T- CORRFACT-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR


(1/NSxLxR)[SUM1][SUM1]T- CORRFACT-SSS-SSL-SSR-SSSxL-SSSxR-SSLxR
[image: image590.wmf]SSSxLxR
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STEP 13:

SSERROR = SST -SSS-SSL-SSR-SSSxL-SSSxR-SSLxR-SSSxLxR
STEP 15:

F = [SS] o [df]-1 o[ERROR]-1
METHOD USING A SINGLE EQUATION TO SOLVE

Now what I am going to do is really interesting, I am going to use nested arrays to reduce all the math above in this problem into a single arithematical equation: 


Here we are creating the matrices we augment into DBALL, it is a combination of all the individual databases.
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We compute the N's by dividing the number of columns by the number of elements in the Spreadsheet matrix A.
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Now we compute the inverse of N so that by multiplying, we divide the elements in A by N.
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This gives us the different sums from the various Databases.
I am going to transpose the SS1 Matrix so we can see all it’s values.[image: image600.wmf]=

.

SUM1

DBALL

857

0

413

444

288

569

270

587

149

264

139

305

136

277

134

310

92

196

178

391

51

98

85

179

41

98

93

212

(

)


[image: image601.wmf]=

T

SS1

857

0

413

444

288

569

270

587

149

264

139

305

136

277

134

310

92

196

178

391

51

98

85

179

41

98

93

212


[image: image602.wmf]=
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This squares SUM1*A element by element:
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Does all computations in one operation, but MathCad cannot do the math, so we must break it into parts:
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Now we must sum he particular elements in SS3, we will do it all at once by using the following Database:
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The equation is now:
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Now we need to add and subtract the various correction factors from the sums of squares from the combined Databases.
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Now for the final step in computing the SS terms:
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Finally we need to find the F values for the terms, we must compute the degrees of freedom (df) and the ERROR terms for all the individual sub-matrices in the nested array.

F = SS o df o ERROR 
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Now, since I didn't do any of the math, I will go through the equation again and solve it step by step.  What this equation does not compute is the grand sum of squares, N, df and ERROR.  These are computed elsewhere in this paper so I will only derive the Grand Sum of Squares.  This comes from the original data matrix.
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Lets go ahead and put this value into a matrix so it will be ready for computation.
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We are ready to go, first to re-compute SUM1:
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The equation is:
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I am writing this this way because if I include SUM1 the DBALL Matrix goes off the page.
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Now we want to square each individual element in SS1,  Again, this vector is too long to fit on a page, so I'll just use SS1xSS1: Might as well include the N term also.
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The inner, or core parenthetical expression is computed.  Now to compute the uncorrected SS values.
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Now we will add the Grand Sum of Squares.  We are here in the equation:
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The math for this is:
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The next step is:
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The final zero is reserved for the error term which will be computed later.
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The next step is:
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We are now ready to complete the computation of the Sums of Squares for this statistic:
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In computing the F values, I have the matrices in columns instead of rows, so we will make SS into a column:
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COMPUTATION OF SEVERAL SETS OF DATA ALL AT ONCE

For this set of data, in A2 I added 1 to each value in A1, in A3 I added 2 to each value, in A4 I subtracted 1 from each value in A1 and in A5 I subtracted 2 from each value in A1.
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Here we have the nested array of all the statistical data taken over the past 5 days.
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Now we construct a matrix so we can sum each individual nested array
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Now we will compute the Grand Sum of Squares for each data matrix:
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And enter them into the SST1 Matrix by hand because the computer cannot handle the math of multiplying a matrix inside a matrix
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Here I am going to cheat a little so I won't have to rename all the variables, I'm going to let
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Now we must create the N matrix, since we are dividing element by element, this matrix must be the same size as SS1
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Computation of the uncorrected sum of Squares
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Computation of the effects of the 3rd factor (col. 4); 2nd factor effects col 3;1st factor effects, col. 2 after adding in Grand Sum of Squares
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The Database Matrices are:
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Computation of the interactive effects of 1st and 2nd, 1st and 3rd and 2nd and 3rd factors (col. 5, 6 and 7)
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Computation of the interactive effects of the 1st, 2nd and 3rd factors (col.8) and error term sum of squares (col. 9)
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To find the F values, I think this is the easiest way, just make a matrix of identical rows and half-multiply across.
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Here we will set up the ERROR Matrix, remember, the error term might not be the same for all values, check the ninth column in the SS Matrix.
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Here we find the degrees of freedom, then find their inverses
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Here I've already computed ERROR as it's inverse
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It's easier just to multiply one on one to find the F values.
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We have computed the F values of all five sets of data in one operation.

GENERALIZED INVENTORY/ACCOUNTING SYSTEM


Let [A]ij = Inventory matrix


Let [B]jk = Database matrix

Then

[A]ij [B]jk = Cik = [SOL]ik

[INV]ij[DB]jk = [SOL]ik

where Cik = solution matrix for the inventory.

And

[A]Tij o [B]jk = Djk = [AP]jk
[INV]Tij o [DB]jk = [AP]jk
Where Djk = [AP]jk = the accounting matrix.

And






   (
[A]Tij o [B]jk = Ijk = [IP]jk






   (
[INV]Tij o [DB]jk = [IP]jk
Where Ijk = [IP]jk = The Itempage matrix.


The connection between the accounting/inventory field equation and statistics is given by:

[INV]ij[DB]jk = [SOL]ik
1/N([1]1,i[INV]ij[DBi]jk)2 = [SOL]1,k[SOL]k,1T - CORRECTION FACTOR


The best way to show how the inventory system works is to work an example.  The first example will be a chemical usage inventory (CUI).  For the following example:

1. the number of chemicals with unknown fractions = 9 = j.

2. the number of reportable chemical fractions = 15 = k.

3. the number of machines using smokestacks + one total inventory = 8 machines + 1 total inventory = 8 + 1 = 9 = i.


Therefore, the dimensional analysis of this example inventory =

1.
For inventory:
[A]ij [B]jk = Cik =[A]9,9 [B]9,15 = C9,15 

2.
For Accounting: [A]Tij o [B]jk = Djk = [A]T9,9 o [B]9,15 = D9,15



     (

           (

For Itempage:
[A]Tij o [B]jk = Ijk = [A]T9,9 o [B]9,15 = I9,15
THE INVENTORY MATRIX


We will write the inventory matrix first.  We enter the inventory weights for the total yearly inventory (in pounds) in the first row of the matrix, for the second through 9th rows we will write the pounds of chemicals used in machines 1 through 8.  Note:  the sum of the columns 2 - 9 should equal the amount in the first row.  i.e.



AP
CSS
DGP
FC-37
KFR-18
NW-3A
RW-41
TGC
ZON


TOTAL INVENTORY
5590
55366
725
8610
49547
  2750
 21649
11000
880

MACHINE #1
5590
41605
 0
 0
  0
   0
   0
  0
 0

MACHINE #2
 0
12863
 0
 0
  0
   0
   0
  0
 0

MACHINE #3

 0
898.1
 0
 0
  0
   0
   0
  0
 0

MACHINE #4

 0
 0
 0
 0
  0
   0
   0
  0
 0

MACHINE #5

 0
 0
362.5
 638
  0
  476.7
 10824.5 5500
826.2

MACHINE #6

 0
 0
362.5
4023
  0
  325.6
 10824.5 5500
 0

MACHINE #7

 0
 0
 0
3949.42
 4952.7
 1947.83   0
  0
53.8

MACHINE #8 
 0
 0
 0
 0
44574.3
   0
   0
  0
 0


Note:  For the column under CSS,  summing rows 2 through 8, we get 41605+12863+898.1 = 55366.1 which is the total yearly use for all machines.


This finished matrix I will call [INV]9,9 .  For HP-48G program, STO INV99.

THE DATABASE MATRIX


The matrix [B]jk is written directly from the MSDS sheets for each chemical listed.  It is permanent and will not change unless new chemicals are added to the inventory, old chemicals are not used anymore, or the manufacturer changes the proportions of the ingredients.  First we make a vertical list of the 9 chemicals we use.  In a row across the top, make a column for each of the 15 chemical fractions.  Using the MSDS sheets and doing one chemical at a time, go along the row to the column where the chemical fraction is listed and enter the percent of that chemical as a decimal.  Where there are no chemicals present, enter a zero.  Approximately 5% of the DB matrix will be chemical fractions, and 95% will be zero’s.  I will call this matrix [DB]9,15 .
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AP

.02 .06  0    0    0   0    0    0    0   0      0     0     0    0   0  

CSS

 0   0  .12  .04 .10 .03    0    0    0   0      0     0     0    0   0

DGP

 0   0   0   .02   0   0    0    0    0   0      0     0     0    0   0

FC-37

 0   0   0    0    0   0 .0001 .001   0   0      0     0     0    0   0

KFR-18

 0   0   0    0    0   0    0    0  .01   0      0     0     0    0   0

NW-3A

 0   0   0    0    0   0    0    0    0 .006     0     0     0    0   0

RW-41

 0   0   0    0    0   0    0    0    0 .001   .0002 .0002 .0001  0   0

TGC

 0   0   0    0    0   0    0    0    0 .005     0     0     0   .02  0

ZON

 0   0   0    0    0   0    0   .04   0   0      0     0     0    0 .075

Where:

APE: ALKYL PHENOLIC ETHER

DPE: DIPHENYL ETHER

NAP: NAPTHALENE

ISOP: ISOPROPANOL

2-EH:2-ETHYLHEXANE

oDCB: ortho-DICHLOROBENZENE

2EE: 2 ETHOXYETHANOL

EG: ETHYLENE GLYCOL

AMM: AMMONIA

FORM: FORMALDEHYDE

2BA: 2-BUTYLALCOHOL

DIOX: DIOXANE

ACRYL: ACRYLALDEHYDE

DEG: DIETHYLENEGLYCOL

ACET: ACETONE


We will store this matrix in DB915.


PROGRAM FOR HP-48G


ENTER INV99


STO   INV99


ENTER DB915


STO   DB915

RCL DB915

RCL INV99

x

MATHCAD +6 PROGRAM





INV9,9*DB9,15 =
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[SOL]9,15 = INV9,9*DB9,15
INTERPRETATION:  In the total inventory (row 1) we used 6643.92 lbs naphthalene in 1995.  Of this 6643.92 lbs, 4492.6 lbs were used in machine 1, 1543.56 lbs were used in machine 2 and 107.772 lbs were used in machine 3 and none was used in any other machine.  Or we used 43.81 lbs ethylene glycol total for 1995, of which 33.686 lbs were used in machine 5, 4.023 lbs were used in machine 6 and 6.1014 lbs was used in machine 7, etc.


Suppose we are not a synthetic minor or title V user and only need the total inventory, but not any breakdown by machine.  We just take the first row in the inventory matrix and multiply it to the DB9,15 matrix.  Rather than write out a new row matrix for the inventory, we will compute it from the INV9,9 matrix.
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Suppose we want the total inventory just for machine 7, then

FOR THE INVENTORY FOR MACHINE 7:
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Where R1 is the reduction matrix that returns only row one of INV9,9 upon multiplication, and R8 is the reduction matrix that returns only row 8 upon multiplication.


Suppose the EPA or the company managers wish to know only the throughput of machines 5,6 and 7, since they are the major users of the chemicals.  Then
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ACCOUNTPAGE MATRIX FOR TOTAL INVENTORY:  ROW 1


1[INV]T9,9 o [DB]9,15 = 1[AP]9,15 


In the accountpage matrix, we can keep track of all the chemicals used in each machine, or keep track of the total inventory.  The solution is the un-summed form of the inventory solution matrix.  This solution remains a 9x15 matrix.  If summed, it is the total inventory matrix for that particular machine.  The 1 in the upper left hand corner of 1[INV] and 1[AP] means we are working with the first row transposed in the inventory matrix.   For instance, for the total inventory, 1[AP]9,15 =
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 5590
.02 .06  0    0    0   0    0    0    0   0      0     0     0    0   0  


55371
 0   0  .12  .04 .10 .03    0    0    0   0      0     0     0    0   0


  725
 0   0   0   .02   0   0    0    0    0   0      0     0     0    0   0


 8630
 0   0   0    0    0   0 .0001 .001   0   0      0     0     0    0   0


49547 o
 0   0   0    0    0   0    0    0  .01   0      0     0     0    0   0


 2750
 0   0   0    0    0   0    0    0    0 .006     0     0     0    0   0


21649
 0   0   0    0    0   0    0    0    0 .001   .0002 .0002 .0001  0   0


11000
 0   0   0    0    0   0    0    0    0 .005     0     0     0   .02  0


  880
 0   0   0    0    0   0    0   .04   0   0      0     0     0    0 .075


But since the mathematics doesn’t exist in which this multiplication can take place, we must convert it to an equivalent form to multiply.  i.e. We will take the column for the total inventory and make a diagonal matrix out of it and then multiply.
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Here I transpose [1]1,9 to [1]9,1 so I can post-multiply to sum the rows

AP = INV9,9[R1]9,9[1]9,1 This multiplication returns only column 1 of the transposed inventory matrix



Here I diagonalize the above column matrix

AP1 = [DIAGAP]9,9[DB]9,15 The accountpage matrix for the total inventory



INTERPRETATION:  In 1995, we used a total of 111.8 lbs of alkyl phenolic ether in chemical AP.  The chemical CSS (row 2), of which the company used 55,366 lbs in 1995, used 6643.92 lbs naphthalene, 2214.64 lbs of isopropanol, 5536.6 lbs of 2-ethylhexane and 1660.98 lbs of o-dichlorobenzene.  For the chemical RW-41 (row 7), the company used  129.894 lbs of formaldehyde, 4.3298 lbs 2-butoxyalcohol, 4.3298 lbs dioxane and 2.1694 lbs acrylaldehyde, etc.


Now let’s look at the total accountpage matrix for machine 7:
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INTERPRETATION:  In the chemical FC-37, there was used .39494 lbs 

2-ethoxyethylene and 3.94942 lbs ethylene glycol.  For the chemical ZON, there is 2.152 lbs ethylene glycol and 4.035 lbs acetone, etc.


There will be 9 of these accountpage matrices, one for the total inventory, and 8 more, 1 for each of the eight machines.


Suppose we are Title V or synthetic minor and again the EPA or the state is mainly interested in machines 5, 6 and 7 because the bulk of the organic volatiles are used in these machines and expelled in their stacks which the EPA monitors.  Then we have:


7


( [INV][DB] =


5



0 0 362.5   638    0       476.7  10824.5 5500  826


0 0 362.5  4023    0       325.6  10824.5 5500  0
  [DB]9,15

0 0  0     3949.42 4952.7 1947.83   0      0   53.8


Or we can transpose and hollow dot the three of them separately to obtain three 9x15 sub-matrices that account for just these three particular stacks.  Note also that we can take the three accountpage solutions and add each of the separate matrices together to get a single accountpage matrix that is the total accounting of the chemical usage of machines 5, 6 and 7.
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Or, we can transpose INV9,9 for 5, 6 and 7, sum the rows, diagonalize the column and multiply by DB9,15.  i.e. (Note:  R567 = R678 above).




(567[INV]T9,9 [R567]9,9[1]9,1 )o [DB]9,15

 ( MathCad will not take matrices in parenthesis, so we must do the 



problem in steps).






Because this may look complicated, let’s look at the last problem step by step.





















Let’s look at this more generally.  In this example, I included the total inventory as row one in the inventory matrix.  Then I broke this down to chemical usage per machine as an individual row each.  Including the whole matrix except row 1, summing the columns equals the value of row 1.  Therefore, we don’t even need row 1 for our computations.  I just put it in for illustration and convenience.  If we don’t include the total inventory in the inventory matrix, just the machine breakdowns, we get:


1[AP]9,15 = ( [AP]9,15 = 2( [AP]9,15 +3( [AP]9,15+. . . 9( [AP]9,15
Or if only the fractional parts are included but not the total inventory:



   9

T[AP]9,15 = ([AP]9,15


   1

Let’s do a few computations by hand and see if they check.


We had 5590 lbs AP total, of which 2% was alkylphenolic ether.  So 5590 x .020 = 111.8 lbs APE.  In machine 7, we used 3949.42 lbs FC-37 of which .01% is 2-ethoxyethylene.

3949.42 x .0001 = .3949 lbs 2-EE.  Also, .1% of FC-37 is composed of ethylene glycol, so we have 3949.42 x .001 = 3.94942 lbs EG.  To check on the total inventory, let’s do the formaldehyde total, since there is more in this column than any other.  Of 2750 lbs NW-3A, .6% is formaldehyde:  2750 x .006 = 16.5 lbs.  Of 21,649 lbs RW-41, .6% is also formaldehyde, so we have 21,649 x .006 = 129.894bs formaldehyde.  The chemical mix called TGC contains .5% formaldehyde, so we have 11,000 x .005 = 55 lbs formaldehyde.  The total formaldehyde is then 16.5+129.849+55 = 201.394 lbs formaldehyde used in 1995, which matches the matrix calculation.

THE ITEMPAGE MATRIX

c[DB]9,15 o [INV]T9,9

By all accounts, the solution to the itempage matrix is impossible, for we multiply the inventory matrix by the database matrix, multiplying from right to left, rather than left to right.  (See proof in the theory section at the beginning of this paper.)  What I’m doing is taking the individual chemical (item) and hollow dotting it into the transposed inventory matrix, receiving a sub-matrix that documents only that chemicals distribution through the inventory  It’s main power is realized when we hollow dot multiply by one column in the database at a time.  The lowercase c to the upper left of c[DB] stands for the number of the column we are multiplying by.  There will be c = j = 15 itempage matrices if we wish to compute them all.  Again, I will work with formaldehyde, since there are 3 entries in it’s column.  In this case, c = 10 since formaldehyde is listed in the 10th column.  We remove this column from [DB]9,15 and hollow dot multiply into the [INV]T9,9 matrix.  i.e.  Note also when we are done, that the solution is defined in four variables, rather than three.  That is, in machine 5, the chemical RW-41 contains a total of 129.894 lbs of formaldehyde.  We pick up an extra descriptive variable using this reverse multiplication.
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But a computer cannot multiply across, so we must diagonalize the column matrix first.


 and 10[DB]9,15 =

10[DB]9,15 = FORM





=



     Tot      #1  #2 #3 #4  #5      #6      #7        #8
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INTERPRETATION:  Looking at the Itempage matrix for formaldehyde, we can instantly see that three chemicals contain formaldehyde and their use is distributed among machines 5, 6 and 7 in the poundage’s listed.  I really wish I could place the chemical names by the matrix, but MathCad won’t let me and I do not wish to type out the matrix again, so we just have to remember that in order, the chemicals are:

AP

CSS

DGP

FC-37

KFR-18

NW-3A

RW-41

TGC

ZON


Let me theorize here for a moment.  I don’t really think that putting the c[DB]

in front of the [INV]T matrix is mathematically correct.  I think it’s fundamentally simpler than this.  I mean it works, but if you transpose the [DB] matrix and multiply by [INV]T there is no solution (the indices do not match), but according to the proof of the half-multiplier, if you can hollow dot multiply the matrices and then sum the columns, you can also transpose and multiply the regular way and get the same answer.  i.e. [DB]T[INV]T=[SOL]T ; but [INV]T[DB]T([SOL]T .


What this seems to suggest is that the hollow dot operation is transpose commutative.  That is [SOL]T = [IP].






Let’s see if this makes sense.  Let’s transpose the [DB] matrix, sum the new rows, and o multiply across the [INV]T matrix and see if we get the same answer.

ONE15 = (FIFTEEN1)T
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Here I sum the rows of the database matrix
[image: image842.wmf]DIAGSUMROWDB

diag

(

)

SUMROWDB


Here I diagonalize the above solution
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This is the total itempage solution
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INTERPRETATION:  The chemical CSS (second row) has a total of 16,056.14 lbs of all organic’s, of which 12,065.45 lbs were used in machine 1, 3730.27 lbs were used in machine 2 and 260.449 lbs were used in machine 3.  In the first row, the chemical AP contains a total of 447.2 lbs organic’s used in machine 1 only.  Since this is a simple computation, let’s check and see if it is right.  The chemical AP contains two organic’s, alkylphenolic

ether (2%) and diphenyl ether (6%).  We used a total of 5590 lbs in 1995, so we have

5590x.02 + 5590x.06 = 111.8 + 335.4 = 447.2 lbs APE and DPE combined.


If we compute all the itempage matrices and add these sub-matrices together, we will come up with the above matrix.  The itempage matrix does not keep track of the individual components, we must itempage for each separate chemical to find this out.  It just gives us the total of volatiles used.  Note also, that the post-multiplier matrix operates on the pre-multiplier matrix, giving a solution of chemicals per machine rather than chemical fraction per bulk chemical.


We can also take Log[IPTOT]9,9 - Log[INV]9,9, then take the anti-log which will give us the total % volatiles per chemical per machine.


We can also multiply the [APTOT]jk matrix by [1]1,j to sum the columns.  i.e. 

[1]1,j = [1]1,9 ; [1]1,9 [APTOT]9,15 = [111.8 335.4 6642 2229.3 5537 1661 .863 43.83 4955 84.5 4.33 4.33 2.16 220 66]

= [SOL]1,15.


Which, looking at the total inventory (row 1) in the [SOL]9,15 matrix are equal.  Multiplying [SOL]1,15 by [1]15,1 we get [SOL]1,15[1]15,1 = [LBS]1,1 (a single number) which gives the total poundage for volatile organic’s and/or criteria pollutants in the inventory.  i.e.


[SOL]1,15[1]15,1 = 21,897.513 lbs total in the inventory.
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